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ANALYSIS OF CONTACT CAUCHY-RIEMANN MAPS II:
CANONICAL NEIGHBORHOODS AND EXPONENTIAL
CONVERGENCE FOR THE MORSE-BOTT CASE
YONG-GEUN OH, RUI WANG
Abstract. This is a sequel to the papers [OW1], [OW2]. In [OW1], the au-
thors introduced a canonical affine connection on M associated to the contact
triad (M,λ, J). In [OW2], they used the connection to establish a prioriW k,p-
coercive estimates for maps w : Σ˙ → M satisfying ∂
pi
w = 0, d(w∗λ ◦ j) = 0
without involving symplectization. We call such a pair (w, j) a contact instan-
ton. In this paper, we first prove a canonical neighborhood theorem of the
locus Q foliated by closed Reeb orbits of a Morse-Bott contact form. Then
using a general framework of the three-interval method, we establish exponen-
tial decay estimates for contact instantons (w, j) of the triad (M,λ, J), with λ
a Morse-Bott contact form and J a CR-almost complex structure adapted to
Q, under the condition that the asymptotic charge of (w, j) at the associated
puncture vanishes.
We also apply the three-interval method to the symplectization case and
provide an alternative approach via tensorial calculations to exponential de-
cay estimates in the Morse-Bott case for the pseudoholomorphic curves on
the symplectization of contact manifolds. This was previously established by
Bourgeois [Bou] (resp. by Bao [Ba]), by using special coordinates, for the
cylindrical (resp. for the asymptotically cylindrical) ends. The exponential
decay result for the Morse-Bott case is an essential ingredient in the set-up of
the moduli space of pseudoholomorphic curves which plays a central role in
contact homology and symplectic field theory (SFT).
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1. Introduction
Let (M, ξ) be a contact manifold. Each contact form λ of ξ, i.e., a one-form with
kerλ = ξ, canonically induces a splitting
TM = R{Xλ} ⊕ ξ.
HereXλ is the Reeb vector field of λ, which is uniquely determined by the equations
Xλ⌋λ ≡ 1, Xλ⌋dλ ≡ 0.
We denote by Π = Πλ : TM → TM the idempotent, i.e., an endomorphism
satisfying Π2 = Π such that kerΠ = R{Xλ} and ImΠ = ξ. Denote by π = πλ :
TM → ξ the associated projection.
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Definition 1.1 (Contact Triad). We call the triple (M,λ, J) a contact triad of
(M, ξ) if λ is a contact form of (M, ξ), and J is an endomorphism of TM with J2 =
−Π which we call CR-almost complex structure, such that the triple (ξ, dλ|ξ , J |ξ)
defines a Hermitian vector bundle over M .
As long as no confusion arises, we abuse our notation J also for its restriction to
ξ.
In [OW2], the authors of the present paper called the pair (w, j) a contact
instanton, if (Σ, j) is a (punctured) Riemann surface and w : Σ → M satisfies the
following equations
∂
π
w = 0, d(w∗λ ◦ j) = 0. (1.1)
A priori coercive W k,2-estimates for w with W 1,2-bound was established without
involving symplectization. Moreover, the study of W 1,2 (or the derivative) bound
and the definition of relevant energy is carried out by the first-named author in
[Oh2].
Furthermore, for the punctured domains Σ˙ equipped with cylindrical metric near
the puncture, the present authors proved the result of asymptotic subsequence uni-
form convergence to a Reeb orbit (which must be closed when the corresponding
charge is vanishing) under the assumption that the π-harmonic energy is finite
and the C0-norm of derivative dw is bounded. (Refer [OW2, Section 6] for pre-
cise statement and Section 9 in the current paper for its review.) Based on this
subsequence uniform convergence result, the present authors previously proved C∞
exponential decay in [OW2] when the contact form is nondegenerate. The proof
is based on the so-called three-interval argument which is essentially different from
the proofs for exponential convergence in existing literatures, e.g., from those in
[HWZ1, HWZ2, HWZ4] which use the method of differential inequality.
The present paper is a sequel to the paper [OW2] and the main purpose thereof
is to generalize the exponential convergence result to the Morse-Bott case. In Part 2
of the current paper, we systematically develop the above mentioned three-interval
method as a general framework and establish the result for Morse-Bott contact
forms. (Corresponding results for pseudo-holomorphic curves in symplectizations
were provided by various authors including [HWZ3, Bou, Ba] and we suggest readers
to compare our method with theirs.)
In general, the exponential convergence result is an important ingredient in the
set-up of the Fredholm theory and in the relevant gluing construction. In con-
tact geometry, the moduli spaces of pseudo-holomorphic curves with noncompact
sources are used in defining the contact homology or setting up the framework of the
symplectic field theory (SFT) (see e.g. [EGH] for an introduction). In this regard,
the Morse-Bott case provides important computable examples in contact geome-
try and in SFT. (See [Bou] for some examples of such computations based on the
Morse-Bott framework of contact homology.) However, there are various subtleties
in describing the structure of the Morse-Bott moduli spaces and the corresponding
contact homology for the contact forms of Morse-Bott type, which have not been
rigorously set up yet. One of the purposes of current paper is to provide a care-
ful geometric description of the locus of closed Reeb orbits and the corresponding
tensorial proof of exponential decay results. Moreover, the abstract framework of
the three-interval method we develop in this paper for the exponential decay proof
can be easily applied to other evolution type of equations, and provides a general
‘black box’ for the exponential decay.
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The proof of the exponential decay result consists of two parts, one geometric
and the other analytic. Part 1 is devoted to unveil the geometric structure, the
pre-contact structure, carried by the loci Q of the closed Reeb orbits of a Morse-
Bott contact form λ (see Section 1.1 for precise definition). We prove a canonical
neighborhood theorem of any pre-contact manifold which is the contact analogue
to Gotay’s on presymplectic manifolds [G], which we call the contact thickening of
a pre-contact manifold. By using this neighborhood theorem, we obtain a canonical
splitting of the tangent bundle TM in terms of the pre-contact structure of Q and
its thickening. Then we introduce the class consisting of J ’s adapted to Q (refer
Section 8 for definition) besides the standard compatibility requirement to dλ. At
last we split the derivative dw of contact instanton w into various components and
study them separately. In this way, we are given the geometric framework which
gets us ready to conduct the three-interval method provided in Part 2. Part 2 is
then devoted to applying the enhanced version of the three-interval framework in
proving the exponential convergence for the Morse-Bott case, which generalizes the
one presented for the nondegenerate case in [OW2].
Now we outline the main results in the present paper in more details.
1.1. Structure of the locus of closed Reeb orbits. Assume λ is a fixed contact
form of the contact manifold (M, ξ). For a closed Reeb orbit γ of period T > 0,
one can write γ(t) = φt(γ(0)), where φt = φtXλ is the flow of the Reeb vector field
Xλ.
Denote by Cont(M, ξ) the set of all contact one-forms with respect to the contact
structure ξ, and by L(M) = C∞(S1,M) the space of loops z : S1 = R/Z → M .
Consider the bundle L over the product (0,∞) × L(M) × Cont(M, ξ) whose fiber
at (T, z, λ) is C∞(z∗TM). The assignment
Υ : (T, z, λ) 7→ z˙ − T Xλ(z)
defines a section of the bundle, where (T, z) is a pair with a loop z parameterized
over the unit interval S1 = [0, 1]/ ∼ defined by z(t) = γ(T t) for a Reeb orbit γ of
period T . Notice that (T, z, λ) ∈ Υ−1(0) := Reeb(M, ξ) if and only if there exists
some Reeb orbit γ : R→M with period T , such that z(·) = γ(T ·). Denote by
Reeb(M,λ) := {(T, z) | (T, z, λ) ∈ Reeb(M, ξ)}
for each λ ∈ Cont(M, ξ). From the formula of a T -periodic orbit (T, γ), T = ∫
γ
λ.
it follows that the period varies smoothly over γ.
The general Morse-Bott condition (Bott’s notion [Bot] of clean critical submani-
fold in general) for λ corresponds to the statement that every connected component
of Reeb(M,λ) is a smooth submanifold of (0,∞)× L(M) and its tangent space at
every pair (T, z) ∈ Reeb(M,λ) therein coincides with ker d(T,z)Υ. Denote by Q the
locus of closed Reeb orbits contained in a fixed connected component ofReeb(M,λ).
Throughout this paper, we also call Q a Morse-Bott submanifold when we want to
emphasize its manifold structure.
However, when one tries to set up the moduli space of contact instantons for
Morse-Bott contact forms, more requirements are needed and we recall the defi-
nition that Bourgeois adopted in [Bou]. (Strictly speaking, we also need to take
suitable completions of L(M) and Cont(M, ξ) but we ignore this point which does
not play any role in our main discussion.)
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Definition 1.2 (Equivalent to Definition 1.7 [Bou]). A contact form λ is called be
of Morse-Bott type, if it satisfies the following:
(1) Every connected component of Reeb(M,λ) is a smooth submanifold of
(0,∞) × L(M) with its tangent space at every pair (T, z) ∈ Reeb(M,λ)
therein coincides with ker d(T,z)Υ;
(2) The locus Q is embedded;
(3) The 2-form dλ|Q associated to the locusQ of closed Reeb orbits has constant
rank.
Here Condition (1) corresponds to Bott’s notion of Morse-Bott critical mani-
folds which we name as standard Morse-Bott type. While Reeb(M,λ) is a smooth
submanifold, the orbit locus Q ⊂M of Reeb(M,λ) is in general only an immersed
submanifold and could have multiple sheets along the locus of multiple orbits.
Therefore we impose Condition (2). In general, the restriction of the two-form dλ
to Q has varying rank. It is still not clear whether the exponential estimates we
derive in this paper holds in this general context because our proof strongly relies
on the existence of canonical model of neighborhoods of Q. For this reason, we also
impose Condition (3). We remark that Condition (3) means that the 2-form dλ|Q
becomes a presymplectic form.
Depending on the type of the presymplectic form, we say that Q is of pre-
quantization type if the rank of dλ|Q is maximal, and is of isotropic type if the
rank of dλ|Q is zero. The general case is a mixture of these two. In particular
when dimM = 3, such Q must be either of prequantization type or of isotropic
type. This is the case dealt with in [HWZ3]. The general case considered in [Bou],
[BEHWZ] includes the mixed type.
Definition 1.3 (Pre-Contact Form). We call one-form θ on a manifold Q a pre-
contact form if dθ has constant rank, i.e., if dθ is a presymplectic form.
While the notion of presymplectic manifolds is well-established in symplectic
geometry, this contact analogue seems to have not been used in literature, at least
formally, as far as we know.
With this terminology introduced, we prove the following theorem.
Theorem 1.4 (Theorem 3.11). Let λ be a Morse-Bott type contact form of contact
manifold (M, ξ) as defined above. Let Q be an associated Morse-Bott submanifold
of closed Reeb orbits. Suppose that Q is embedded and dλ|Q = i∗Q(dλ) has constant
rank. Then Q carries
(1) a locally free S1-action generated by the Reeb vector field Xλ|Q;
(2) the pre-contact form θ given by θ = i∗Qλ and the splitting
ker dθ = R{Xθ} ⊕H, (1.2)
such that the distribution H = ker dθ ∩ ξ|Q is integrable;
(3) an S1-equivariant symplectic vector bundle (E,Ω)→ Q with
E = (TQ)dλ/ kerdθ, Ω = [dλ]E .
Here we use the fact that there exists a canonical embedding
E = (TQ)dλ/ kerdθ →֒ TQM/TQ = NQM, (1.3)
and dλ|(TQ)dλ canonically induces a bilinear form [dλ]E on E = (TQ)dλ/ kerdi∗Qλ
by symplectic reduction.
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Definition 1.5. Let (Q, θ) be a pre-contact manifold equipped with the splitting
(1.2). We call such a triple (Q, θ,H) a Morse-Bott contact set-up.
Denote by F and N the foliations associated to the distribution ker dθ and H ,
respectively. We also denote by TF , TN the associated foliation tangent bundles
and T ∗N the foliation cotangent bundle of N .
We prove the following canonical model theorem which describes a natural way
of thickening of Morse-Bott contact set-up (Q, θ,H) whenever a symplectic vector
bundle E → Q is given.
Theorem 1.6. Let (Q, θ,H) be a Morse-Bott contact set-up. Let a symplectic
vector bundle (E,Ω) → Q be given. Then the bundle F = T ∗N ⊕ E carries a
canonical contact form λF ;G defined as in (4.8), for each choice of complement G
such that TQ = TF ⊕G. Furthermore for two such choices of G, G′, two induced
contact structures are naturally isomorphic.
Based on this theorem, we denote any such λF ;G just by λF suppressing G
from its notation. This normal form provides a general class of contact manifolds
equipped with a contact form of Morse-Bott type.
Finally we prove the following canonical neighborhood theorem for Q ⊂M with
Q defined above for any Morse-Bott contact form λ of contact manifold (M, ξ).
Theorem 1.7 (Theorem 5.1). Let Q be the submanifold foliated by closed Reeb
orbits of Morse-Bott type contact form λ of contact manifold (M, ξ), and (Q, θ)
and (E,Ω) be the associated pair defined above. Let (F, λF ) be the model contact
manifold with F = T ∗N ⊕E and λF be the contact form on UF ⊂ F given in (4.8).
Then there exist neighborhoods U of Q and UF of the zero section oF and a
diffeomorphism ψ : UF → U and a function f : UF → R such that
ψ∗λ = f λF , f |oF ≡ 1, df |oF ≡ 0 (1.4)
and
i∗oFψ
∗λ = θ, (ψ∗dλ|V TF )|oF = 0⊕ Ω (1.5)
where we use the canonical identification of V TF |oF ∼= T ∗N ⊕E on the zero section
oF ∼= Q.
Remark 1.8. We would like to remark that while the bundles E and TQ/TF
carry canonical fiberwise symplectic form and so carry canonical orientations in-
duced by dλ, the bundle TN may not be orientable in general along a Reeb orbit
corresponding to an orbifold point in P = Q/ ∼.
1.2. The three-interval method of exponential estimates. For the study of
the asymptotic behavior of finite π-energy solutions of contact instanton w : Σ˙→M
near a Morse-Bott submanifold Q, we introduce the following class of CR-almost
complex structures.
Definition 1.9 (Definition 8.2). Let Q ⊂M be a Morse-Bott submanifold foliated
by closed Reeb orbits of λ. Suppose J defines a contact triad (M,λ, J). We say
a CR-almost complex structure J for (M, ξ) is adapted to the submanifold Q or
simply is Q-adapted if J satisfies
J(TQ) ⊂ TQ+ JTN . (1.6)
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Note that this condition is vacuous for the nondegenerate case, but for the gen-
eral Morse-Bott case, the class of adapted J is strictly smaller than the one of
general CR-almost complex structures of the triad. The set of Q-adapted J ’s is
contractible and the proof is given in Appendix A. As far as the applications to
contact topology are concerned, requiring this condition is not any restriction but
seems to be necessary for the analysis of contact-instanton maps or of the pseu-
doholomorphic maps in the symplectization (or in the symplectic manifolds with
contact-type boundary.)
Let w : Σ˙→M be a contact instanton map, i.e., satisfying (1.1) at a cylindrical
end [0,∞)× S1, which now can be written as
π
∂w
∂τ
+ Jπ
∂w
∂t
= 0, d(w∗λ ◦ j) = 0, (1.7)
for (τ, t) ∈ [0,∞) × S1. We put the following basic hypotheses for the study of
exponential convergence.
Hypothesis 1.10. [Hypothesis 9.1]
(1) Finite π-energy: Eπ(w) := 12
∫
[0,∞)×S1 |dπw|2 <∞;
(2) Finite derivative bound : ‖dw‖C0([0,∞)×S1) ≤ C <∞;
(3) Non-vanishing asymptotic action:
T := 12
∫
[0,∞)×S1 |dπw|2 +
∫
{0}×S1(w|{0}×S1)∗λ 6= 0;
(4) Vanishing asymptotic charge: Q := ∫
{0}×S1
((w|{0}×S1 )∗λ ◦ j) = 0.
Under these hypotheses, we establish the following C∞ uniform exponential con-
vergence of w to a closed Reeb orbit z of period T = T . This result was already
known in [HWZ3, Bou, Ba] in the context of pseudo-holomorphic curves u = (w, a)
in symplectizations. However we emphasize that our proof presented here, which
uses the three-interval framework, is different from the ones [HWZ3, Bou, Ba] even
in the symplectization case. Furthermore when we deal with the case of symplecti-
zation, our method completely separates the estimates of w from that of a’s. (See
Section 13.)
Theorem 1.11. Assume (M,λ) is a Morse-Bott contact manifold and w is a con-
tact instanton satisfying the Hypothesis 1.10 at the given end. Then there exists
a closed Reeb orbit z with period T = T and positive constant δ determined by z,
such that
‖d(w(τ, ·), z(T ·))‖C0(S1) < Ce−δτ ,
and ∥∥∥∥π∂w∂τ (τ, ·)
∥∥∥∥
C0(S1)
< Ce−δτ ,
∥∥∥∥π∂w∂t (τ, ·)
∥∥∥∥
C0(S1)
< Ce−δτ∥∥∥∥λ(∂w∂τ )(τ, ·)
∥∥∥∥
C0(S1)
< Ce−δτ ,
∥∥∥∥λ(∂w∂t )(τ, ·) − T
∥∥∥∥
C0(S1)
< Ce−δτ∥∥∇ldw(τ, t)∥∥
C0(S1)
< Cle
−δτ for any l ≥ 1,
where d is the distance function induced from the triad metric on M and C,Cl are
positive constants which only depend on l.
Now comes the outline of the strategy of our proof of exponential convergence
in the present paper. Mundet i Riera and Tian in [MT] elegantly used a discrete
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method of three-interval arguments in proving exponential decay under the assump-
tion of C0-convergence already established. However, for most cases of interests, the
C0-convergence is not a priori given in the beginning but it is often the case that the
C0-convergence can be obtained only after one proves the exponential convergence
of derivatives. (See the proofs of, for example, [HWZ1, HWZ2, HWZ4], [HWZ3],
[Bou], [Ba]). To obtain the exponential estimates of derivatives, researchers con-
duct some bruit-force calculations in deriving the needed differential inequality, and
then proceed from there towards the final result. Such calculation, especially in co-
ordinates, becomes quite complicated for the Morse-Bott situation and hides the
geometry that explains why such a differential inequality could be expected.
Our proof is divided into two parts by writing w = (u, s) in the normalized
contact triad (UF , λF , J0) (see Definition 8.7) with UF ⊂ F → Q for any given
compatible J adapted to Q, where J0 is canonical normalized CR-almost complex
structure associated to J . We also decompose s = (µ, e) in terms of the splitting
F = T ∗N ⊕ E. In this decomposition, the L2-exponential estimates for the e-
component is an easy consequence of the three-interval method which we formulate
above in a general abstract framework (see Theorem 10.11 for the precise state-
ment). This estimate belongs to the standard realm of exponential decay proof for
the asymptotically cylindrical elliptic equations.
However the study of L2-exponential estimates for (u, µ) does not directly belong
to this standard realm. Although we still apply similar three-interval method for
the study of L2-exponential convergence, its study is much more subtle than that of
the normal component due to the presence of non-trivial kernel of the asymptotic
operator B∞ of the linearization. To handle the (u, µ)-component, we formulate
the following general theorem from the abstract framework of the three-interval
argument, and refer readers to Section 10, 11.3 for the precise statement and its
proof.
Theorem 1.12. Assume ξ(τ, t) is a section of some vector bundle on R×S1 which
satisfies the equation
∇πτ ζ + J∇πt ζ + Sζ = L(τ, t) with |L| < Ce−δ0τ
of Cauchy-Riemann type (or more generally any elliptic PDE of evolution type),
where S is a bounded symmetric operator.
Suppose that there exists a sequence {ζ¯k} (e.g., by performing a suitable rescaling
of ζ) such that at least one subsequence converges to a non-zero section ζ¯∞ of a
(trivial) Banach bundle over a fixed finite interval, say on [0, 3], that satisfies the
ODE
Dζ¯∞
dτ
+B∞ζ¯∞ = 0
on the associated Banach space.
Then provided ‖ζ(τ, ·)‖L2(S1) converges to zero as τ goes to ∞, ‖ζ(τ, ·)‖L2(S1)
decays exponentially fast with the rate δ > 0 for any constant δ < min{λ0, δ0} where
λ0 is the smallest absolute value of non-zero eigenvalues of B∞.
Remark 1.13. For the special case when B∞ has only trivial kernel, the result
can be regarded as the discrete analogue of the differential inequality method used
by Robbin-Salamon in [RS].
In this framework, our exponential convergence proof is based on intrinsic geo-
metric tensor calculations which is coordinate-free. As a result, our proof make
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it manifest that (roughly) the exponential decay occurs whenever the geometric
PDE has bounded energy at cylindrical ends and the limiting equation is of linear
evolution type ∂ζ∞∂τ + B∞ζ∞ = 0, where B∞ is an elliptic operator with discrete
spectrum. If B∞ has trivial kernel, the conclusion follows rather immediately from
the three-interval argument. Even when B∞ contains non-trivial kernel, the ex-
ponential decay would still follow as long as some geometric condition, like the
Morse-Bott assumption in the current case of our interest, enables one to extract
some non-vanishing solution of the limit equation ∂ζ∞∂τ + B∞ζ∞ = 0 that arises in
the course of three-interval arguments. Moreover the decay rate δ > 0 is always
provided by the minimal eigenvalue of B∞.
Now we roughly explain how the non-vanishing limiting solution mentioned above
is obtained in the current situation: First, the canonical neighborhood provided
in Part 1 is used to split the contact instanton equations into the vertical and
horizontal parts. By this way, only the horizontal equation could be involved with
the kernel of B∞ which by the Morse-Bott condition has nice geometric structure in
the sense that the kernel can be excluded by looking higher derivative instead of the
map itself. Then, to further see the limit of the derivative is indeed non-vanishing,
we apply the geometric decomposition the derivative and study the center of mass
on the Morse-Bott submanifold Q. The details are presented in Section 11.3 and
Section 11.4.
Part 1. Contact Hamiltonian geometry and canonical neighborhoods
The main purpose of this part is to prove a canonical neighborhood theorem for
the loci of closed Reeb orbits when the contact form λ of a contact manifold (M, ξ)
is of Morse-Bott type. The results of this part provides geometric preparation for
the study of asymptotic exponential convergence of contact instanton at a puncture
of the domain Riemann surface.
The outline of Part 1 in section wise is as follows.
• In Section 2, we review some basic facts related to contact forms of a contact
manifold. We first set up a natural isomorphism between TM and T ∗M
using the contact form λ. This is a contact analogue of the isomorphism
between tangent bundle and cotangent bundle for symplectic manifolds.
Then we derive explicit formulae of the Reeb vector field Rfλ and the
contact projection πfλ in terms of Xλ, πλ and f respectively.
• In Section 3, we introduce the definition of Morse-Bott contact forms. Then
we study the canonical pre-contact structure associated to the loci of closed
Reeb orbits under Morse-Bott assumption.
• In section 4, we introduce the notion of contact thickening of pre-contact
structure. It is the contact analogue of the symplectic thickening for pre-
symplectic structure constructed in [G], [OP].
• In Section 5, we prove a canonical neighborhood theorem of the loci of
closed Reeb orbits Q under the Morse-Bott assumption.
• In Section 6, we derive the linearization formula of a Reeb orbit in the
normal form.
• In Section 7, we express the derivative dw = (du,∇duf) of any smooth map
w = (u, f) from a (punctured) surface into the normal neighborhood F of
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Q in terms of the splitting
TUF = TQ⊕ F = TQ⊕ (E ⊕ JTF), TQ = TF ⊕G.
• In Section 8 and Section 9, we introduce the class of adapted CR-almost
complex structure and prove its abundance.
2. Basics on contact forms
We recall some basic facts on the contact geometry and contact Hamiltonian
dynamics especially in relation to the perturbation of contact forms for a given
contact manifold (M, ξ).
2.1. λ-dual vector fields and λ-dual one-forms. Let (M, ξ) be a contact mani-
fold and λ be a contact form with kerλ = ξ. Consider its associated decomposition
TM = R{Xλ} ⊕ ξ (2.1)
and denote by π = πλ : TM → ξ the associated projection. This decomposition
canonically induces the corresponding dual decomposition
T ∗M = ξ⊥ ⊕ (R{Xλ})⊥ (2.2)
where (·)⊥ is the annihilator of (·). This gives rise to a decomposition
α = α(Xλ)λ+ α ◦ πλ. (2.3)
Then we have the following general lemma whose proof immediately follows from
(2.2).
Lemma 2.1. For any given one-form α, there exists a unique Yα ∈ ξ such that
α = Yα⌋dλ+ α(Xλ)λ.
Definition 2.2 (λ-Dual Vector Field and One-Form). Let λ be a given contact
form of (M, ξ). We define the λ-dual vector field of a one-form α to be
♭λ(α) := Yα + α(Xλ)Xλ.
Conversely for any given vector field X we define its λ-dual one-form by
♯λ(X) = X⌋dλ+ λ(X)λ.
For the simplicity of notation, we will denote αX := ♯λ(X). By definition, we
have the identity
λ(♭λ(α)) = α(Xλ). (2.4)
The following proposition is immediate from the definitions of the dual vector field
and the dual one-forms.
Proposition 2.3. The map ♭λ : Ω
1(M) → X(M), α 7→ ♭λ(α) and the map ♯λ :
X(M)→ Ω1(M), X 7→ αX are inverse to each other. In particular any vector field
can be written as ♭λ(α) for a unique one-form α and any one-form can be written
as αX for a unique vector field X.
By definition, we have ♭λ(λ) = Xλ which corresponds to the λ-dual to the contact
form λ itself for which Yλ = 0 by definition. Obviously when an exact one-form α
is given, the choice of h with α = dh is unique modulo addition by a constant (on
each connected component of M).
To equip readers with some feeling on the above decomposition which is not
common in the literature, we now provide the coordinate expression of ♭λ(α) and
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αX in the Darboux chart (q1, · · · , qn, p1, · · · , pn, z) with respect to the canonical
one-form λ0 = dz −
∑n
i=1 pi dqi on R
2n+1 or more generally on the one-jet bundle
J1(N) of a smooth n-manifold N . However this coordinate expression will not be
used in the rest of the present paper.
We recall that for this contact form, the associated Reeb vector field is nothing
but
Xλ0 =
∂
∂z
.
We start with the expression of ♭λ(α) for a given one-form
α = α0 dz +
n∑
i=1
ai dqi +
n∑
j=1
bj dpj .
We denote
♭λ(α) = v0
∂
∂z
+
n∑
i=1
vi;q
∂
∂qi
+
n∑
j=1
vj;p
∂
∂pj
.
A direct computation using the defining equation of ♭λ(α) leads to
Proposition 2.4. Consider the standard contact structure λ = dz −∑ni=1 pi dqi
on R2n+1. Then for the given one-form α = α0dz +
∑n
i=1 ai dqi +
∑n
j=1 bj dpj,
♭λ(α) =
(
α0 +
n∑
k=1
pk bk
)
∂
∂z
+
n∑
i=1
bi
∂
∂qi
+
n∑
j=1
(−aj − pj α0) ∂
∂pj
. (2.5)
Conversely, for given X = v0
∂
∂z +
∑n
i=1 vi;q
∂
∂qi
+
∑n
j=1 vj;p
∂
∂pj
, we obtain
αX =
v0 − n∑
j=1
pj vj;q
 dz
−
n∑
i=1
vi;p +
(v0 − n∑
j=1
pj vj;q)pi
 dqi + n∑
j=1
vj;q dpj . (2.6)
Proof. Here we first recall the basic identity (2.4).
By definition, ♭λ(α) is determined by the equation
α = ♭λ(α)⌋
n∑
i=1
dqi ∧ dpi + λ(♭λ(α))
(
dz −
n∑
i=1
pi dqi
)
(2.7)
in the current case. A straightforward computation leads to the formula (2.5).
Then (2.6) can be derived either by inverting this formula or by using the defining
equation of αX , which is further reduced to
αX = X⌋dλ+ λ(X)λ = X⌋
n∑
i=1
dqi ∧ dpi + (dz −
n∑
j=1
pj dqj)(X)λ.
We omit the details of the computation. 
Example 2.5. Again consider the canonical one-form dz −∑ni=1 pi dqi. Then we
obtain the following coordinate expression as a special case of (2.5)
♭λ(dh) =
(
∂h
∂z
+
n∑
i=1
pi
∂h
∂pi
)
∂
∂z
+
n∑
i=1
∂h
∂pi
∂
∂qi
+
n∑
i=1
(
− ∂h
∂qi
− pi ∂h
∂z
)
∂
∂pi
. (2.8)
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2.2. Perturbation of contact forms of (M, ξ). In this section, we exploit the
discussion on the λ-dual vector fields and express the Reeb vector fields Xfλ and
the projection πfλ associated to the contact form fλ for a positive function f > 0,
in terms of those associated to the given contact form λ and the λ-dual vector fields
of df .
Recalling Lemma 2.1, we can write
dg = Ydg⌋dλ+ dg(Xλ)λ
with Ydg ∈ ξ in a unique way for any smooth function g. Then by definition, we
have Ydg = πλ(♭λ(dg)).
We first compute the following useful explicit formula for the associated Reeb
vector fields Xfλ in terms of Xλ and Ydg.
Proposition 2.6 (Perturbed Reeb Vector Field). Denote Ydg = πλ(♭λ(dg)) as
above. Then we have
Xfλ =
1
f
(Xλ + Ydg), g = log f.
Proof. It turns out to be easier to consider f Xfλ which we compute below. First
we have
f Xfλ = c ·Xλ + η (2.9)
with respect to the splitting TM = R{Xλ} ⊕ ξ for some constant c and η ∈ ξ. We
evaluate
c = λ(fXfλ) = (fλ)(Xfλ) = 1.
It remains to derive the formula for η. Using the formula
d(fλ) = fdλ+ df ∧ λ
and λ(η) = 0, we compute
η⌋dλ = (fXfλ)⌋dλ
= Xfλ⌋d(fλ)−Xfλ⌋(df ∧ λ)
= −Xfλ⌋(df ∧ λ)
= −Xfλ(f)λ+ λ(Xfλ)df
= − 1
f
(Xλ + η)(f)λ+
1
f
λ(Xλ + η)df
= − 1
f
Xλ(f)λ− 1
f
η(f)λ+
1
f
df.
Take value of Xλ for both sides, we get η(f) = 0, and hence
η⌋dλ = − 1
f
Xλ(f)λ+
1
f
df.
Setting g = log f , we can rewrite this into
η⌋dλ = −dg(Xλ)λ+ dg.
In other words, we obtain
dg = η⌋dλ+ dg(Xλ)λ. (2.10)
Therefore by Lemma 2.1, we have obtained η = Ydg. Substituting this into (2.9)
and dividing it by f , we have finished the proof. 
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Next we compare the contact projections πλ with πfλ associated to λ and fλ
respectively.
Proposition 2.7 (Perturbed Contact Projection). Let (M, ξ) be a contact manifold
and let λ be a contact form i.e., kerλ = ξ. Let f be a positive smooth function and
f λ be its associated contact form. Denote by πλ and πf λ be their associated ξ-
projection. Then
πf λ(Z) = πλ(Z)− λ(Z)Ydg (2.11)
for the function g = log f .
Proof. We compute
πfλ(Z) = Z − fλ(Z)Xfλ = Z − λ(Z)(fXfλ)
= Z − λ(Z)Xλ + (λ(Z)Xλ − λ(Z)(fXfλ))
= πλZ + λ(Z)(Xλ − fXfλ)
= πλZ − λ(Z)Ydg.
This finishes the proof. 
2.3. Linearization formula for the perturbed contact form. We next study
the relationship between the linearization of Υλ(z) = z˙−TXfλ(z) which we denote
by
DπΥ(z)(Z) = ∇πt Z − T∇ZXf λ
with respect to the triad connection of (M,λ, J) (see Proposition 7.6 in [OW2]) for
a given function f . Substituting
Xf λ =
1
f
(Xλ + Ydg)
into this formula, we derive
Lemma 2.8 (Linearization). Let ∇ be the triad connection of (M, fλ, J). Then
for any vector field Z along a Reeb orbit z = (γ(T ·), oγ(T ·)),
DπΥ(z)(Z) = ∇πt Z − T
(
1
f
∇ZXλ + Z[1/f ]Xλ
)
− T
(
1
f
∇ZYdg + Z[1/f ]Ydg
)
(2.12)
Proof. Let ∇ be the triad connection of (M, fλ, J). Then by definition its torsion
T satisfies the axiom T (Xλ, Z) = 0 for any vector field Z on M (see Theorem 1 in
[OW1]). Using this property, as in section 7 of [OW2], we compute
DπΥ(z)(Z) = ∇πt Z − T∇ZXfλ
= ∇πt Z − T∇Z
(
1
f
(Xλ + Ydg)
)
= ∇πt Z − TZ[1/f ](Xλ + Ydg)−
T
f
∇Z(Xλ + Ydg)
= ∇πt Z − T
(
1
f
∇ZXλ + Z[1/f ]Xλ
)
− T
(
1
f
∇ZYdg + Z[1/f ]Ydg
)
.
which finishes the proof. 
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We note that when f ≡ 1, the above formula reduces to the standard formula
DπΥ(z)(Z) = ∇πt Z − T∇ZXλ
which is further reduced to
DπΥ(z)(Z) = ∇πt Z −
T
2
(LXλJ)JZ
for any contact triad (M,λ, J). (See section 7 [OW2] for some discussion on this
formula.)
3. The locus foliated by closed Reeb orbits
3.1. Definition of Morse-Bott contact form. Let (M, ξ) be a contact manifold
and λ be a contact form of ξ. We would like to study the linearization of the
equation x˙ = Xλ(x) along a closed Reeb orbit. Let γ be a closed Reeb orbit of
period T > 0. In other words, γ : R → M is a solution of γ˙ = Xλ(γ) satisfying
γ(t+ T ) = γ(t).
By definition, we can write γ(t) = φtXλ(γ(0)) for the Reeb flow φ
t = φtXλ of the
Reeb vector field Xλ. In particular p = γ(0) is a fixed point of the diffeomorphism
φT when γ is a closed Reeb orbit of period T . Since LXλλ = 0, the contact
diffeomorphism φT canonically induces the isomorphism
Ψz;p := dφ
T (p)|ξp : ξp → ξp
which is the linearized Poincare´ return map φT restricted to ξp via the splitting
TpM = ξp ⊕ R · {Xλ(p)}.
Definition 3.1. Let γ be a closed Reeb orbit with period T > 0 and denote by
z : S1 →M the map defined by z(t) = γ(T t). We say a T -closed Reeb orbit (T, z)
is nondegenerate if the linearized return map Ψz;p : ξp → ξp with p = γ(0) has no
eigenvalue 1.
Denote Cont(M, ξ) the set of contact one-forms with respect to the contact
structure ξ and L(M) = C∞(S1,M) the space of loops z : S1 = R/Z → M . We
would like to consider the bundle L over the product (0,∞)×L(M)×Cont(M, ξ)
whose fiber at (T, z, λ) is given by the space C∞(z∗TM) of sections of the bundle
z∗TM → S1. We consider the assignment
Υ : (T, z, λ) 7→ z˙ − T Xλ(z)
which is a section. Then (T, z, λ) ∈ Υ−1(0) := Reeb(M, ξ) if and only if there exists
some closed Reeb orbit γ : R→M with period T , such that z(·) = γ(T ·).
We first start with the standard notion, applied to the set of closed Reeb orbits,
of Morse-Bott critical manifolds introduced by Bott in [Bot]:
Definition 3.2. We call a contact form λ standard Morse-Bott type if every con-
nected component of Reeb(M,λ) is a smooth submanifold of (0,∞)×L(M) with its
tangent space at every pair (T, z) ∈ Reeb(M,λ) therein coincides with ker d(T,z)Υ.
The following is an immediate consequence of this definition.
Lemma 3.3. Suppose λ is of standard Morse-Bott type, then on each connected
component of Reeb(M,λ), the period remains constant.
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Proof. Let (T0, z0) and (T1, z1) be two elements in the same connected component
of Reeb(M,λ). We connect them by a smooth one-parameter family (Ts, zs) for
0 ≤ s ≤ 1. Since z˙s = TsXλ(zs) and then Ts =
∫
S1
z∗sλ, it is enough to prove
d
ds
Ts =
d
ds
∫
S1
z∗sλ ≡ 0.
We compute
d
ds
z∗sλ = z
∗
s (d(z
′
s⌋λ) + z′s⌋dλ)
= d(z∗s (z
′
s⌋λ)) + z∗s (z′s⌋dλ)
= d(z∗s (z
′
s⌋λ)).
Here we use z′s to denote the derivative with respect to s. The last equality comes
from the fact that z˙s is parallel to Xλ. Therefore we obtain by Stokes formula that
d
ds
∫
S1
z∗sλ =
∫
S1
d(z∗s (z
′
s⌋λ)) = 0
and finish the proof. 
Now we prove
Lemma 3.4. Let λ be standard Morse-Bott type. Fix a connected component R ⊂
Reeb(M,λ) and denote by Q ⊂M the locus of the corresponding closed Reeb orbits.
Then Q is a smooth immersed submanifold which carries a natural locally free S1-
action induced by the Reeb flow over one period.
Proof. Consider the evaluation map evR : Reeb(M,λ)→M defined by evR(T, z) =
z(0). It is easy to prove that the map is a local immersion and so Q is an immersed
submanifold. Since the closed Reeb orbits have constant period T > 0 by Lemma
3.3, the action is obviously locally free and so evR is an immersion and so Q is
immersed in M . This finishes the proof. 
However Q may not be embedded in general along the locus of multiple orbits.
Partially following [Bou], from now on in the rest of the paper, we always assume
Q is embedded and compact. Denote ωQ := i
∗
Qdλ and
kerωQ = {e ∈ TQ | ω(e, e′) = 0 for any e′ ∈ TQ}.
We warn readers that the Morse-Bott condition does not imply that the form ωQ
has constant rank, and hence the dimension of this kernel may vary pointwise on
Q. However if it does, kerωQ defines an integrable distribution and so defines a
foliation, denoted by F , on Q. Since Q is also foliated by closed Reeb orbits and
LXλdλ = 0, it follows that LXλωQ = 0 when we restrict everything on Q. Therefore
each leaf of the foliation consisting of closed Reeb orbits. Motivated by this, we
also impose the condition that the two-form ωQ has constant rank.
Definition 3.5 (Compare with Definition 1.7 [Bou]). We say that the contact form
λ is of Morse-Bott type if it satisfies the following:
(1) Every connected component of Reeb(M,λ) is a smooth submanifold of
(0,∞) × L(M) with its tangent space at every pair (T, z) ∈ Reeb(M,λ)
therein coincides with ker d(T,z)Υ.
(2) Q is embedded.
(3) ωQ has constant rank on Q.
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3.2. Structure of the locus of closed Reeb orbits. Let λ be a Morse-Bott
contact form of (M, ξ) and Xλ its Reeb vector field. Let Q be as in Definition 3.5.
In general, Q carries a natural locally free S1-action induced by the Reeb flow φTXλ
(see Lemma 3.4). Then by the general theory of compact Lie group actions (see
[He] for example), the action has a finite number of orbit types which have their
minimal periods, T/m for some integer m ≥ 1. The set of orbit spaces Q/S1 carries
natural orbifold structure at each multiple orbit with its isotropy group Z/m for
some m.
Remark 3.6. Here we would like to mention that the S1-action induced by φTXλ
on Q may not be effective: It is possible that the connected component R of
Reeb(M,λ) can consist entirely of multiple orbits.
Now we fix a connected component of Q and just denote it by Q itself. Denote
θ = i∗Qλ. We note that the two-form ωQ = dθ is assumed to have constant rank on
Q by the definition of Morse-Bott contact form in Definition 3.5.
The following is an immediate consequence of the definition but exhibits a par-
ticularity of the null foliation of the presymplectic manifold (Q,ωQ) arising from
the locus of closed Reeb orbits. We note that kerωQ carries a natural splitting
kerωQ = R{Xλ} ⊕ (kerωQ ∩ ξ|Q).
Lemma 3.7. The distribution (kerωQ) ∩ ξ|Q on Q is integrable.
Proof. Let X, Y be vector fields on Q such that X, Y ∈ (kerωQ) ∩ ξ|Q. Then
[X,Y ] ∈ kerωQ since ωQ is a closed two-form whose null distribution is integrable.
At the same time, we compute i∗Qλ([X,Y ]) = X [λ(Y )]− Y [λ(X)] − ωQ(X,Y ) = 0
where the first two terms vanish since X, Y ∈ ξ and the third vanishes because
X ∈ kerωQ. This proves [X,Y ] ∈ kerωQ ∩ ξ|Q, which finishes the proof. 
Therefore kerωQ ∩ ξ|Q defines another foliation N on Q, and hence
TF = R{Xλ} ⊕ TN . (3.1)
Note that this splitting is S1-invariant.
We now recall some basic properties of presymplectic manifold [G] and its canon-
ical neighborhood theorem. Fix an S1-equivariant splitting of TQ
TQ = TF ⊕G = RXλ ⊕ TN ⊕G (3.2)
by choosing an S1-invariant complementary subbundle G ⊂ TQ. This splitting
is not unique but its choice will not matter for the coming discussions. The null
foliation carries a natural transverse symplectic form in general [G]. Since the
distribution TF ⊂ TQ is preserved by Reeb flow, it generates the S1-action thereon
in the current context. We denote by
pTN ;G : TQ→ TN , pG;G : TQ→ G
the projection to TN and to G respectively with respect to the splitting (3.2). We
denote by T ∗N → Q the associated foliation cotangent bundle, i.e., the dual bundle
of TN .
We now consider the isomorphism
d˜λ|ξ : ξ → ξ∗ (3.3)
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and fix a splitting TQM = TQ ⊕ NQM with TQM = TM |Q so that NQM ⊂ ξQ:
This is possible since R{Xλ} ⊂ TQ. We can also choose the splitting so that it is
S1-equivariant. (See the proof of Proposition 3.9 below.)
This leads to the further splitting
ξ|Q = TN ⊕G⊕NQM (3.4)
combined with (3.2), which in turn leads to
ξ∗|Q = (G⊕NQM)⊥ ⊕ (TN )⊥ (3.5)
where (·)⊥ denotes the annihilator of (·). In particular, it induces an isomorphism
T ∗N ∼= (G⊕NQM)⊥ ⊂ ξ∗|Q. (3.6)
Now we consider the embedding T ∗N → ξ defined by the inverse of (3.3), which
we denote by
(TN )#dλ = (d˜λ)−1(T ∗N ). (3.7)
Next we consider the symplectic normal bundle (TQ)dλ ⊂ TQM defined by
(TQ)dλ = {v ∈ TqM | dλ(v, w) = 0, ∀w ∈ TqQ}. (3.8)
We define a vector bundle
E = (TQ)dλ/TF , (3.9)
and then have the natural embedding
E = (TQ)dλ/TF →֒ TQM/TQ = NQM (3.10)
induced by the inclusion map (TQ)dλ →֒ TQM . The following is straightforward
to check.
Lemma 3.8. The dλ|E induces a nondegenerate 2-form and so E carries a fiberwise
symplectic form, which we denote by Ω.
We now consider the exact sequence
0→ E → NQM → NQM/E → 0
induced by (3.10). The sequence is S1-equivariant with respect to the natural
S1-action thereon. We have the canonical isomorphism
NQM/E ∼= TQM
TQ+ (TQ)dλ
which is S1-equivariant. Then we have an S1-equivariant splitting
TQM = (TQ+ (TQ)
dλ)⊕ (TN )#dλ (3.11)
where (TN )#dλ is the dλ-dual (3.7). This also induces an embedding
T ∗N → (TN )#dλ →֒ TQM → NQM (3.12)
which is also S1-equivariant.
We now denote F := T ∗N ⊕E → Q. The following proposition provides a local
model of the neighborhood of Q ⊂M .
Proposition 3.9. We fix the splittings (3.2) and (3.4). Then the sum of (3.12) and
(3.10) defines an isomorphism T ∗N ⊕E → NQM depending only on the splittings.
Proof. A straightforward dimension counting shows that the bundle map indeed is
an isomorphism. 
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Identifying a neighborhood of Q ⊂ M with a neighborhood of the zero section
of F and pulling back the contact form λ to F , we may assume that our contact
form λ is defined on a neighborhood of oF ⊂ F . We also identify with T ∗N and E
as their images in NQM .
Proposition 3.10. The S1-action on Q canonically induces the S1-invariant vector
bundle structure on E such that the form Ω is invariant under the S1-action on E.
Proof. The action of S1 on Q by t · q = φt(q) canonically induces a S1 action on
TQM by t · v = (dφt)(v), for v ∈ TQM . Hence it gives rise to the following identity
t∗dλ = dλ (3.13)
since the Reeb flow preserves λ. We first show it is well-defined on E → Q, i.e., if
v ∈ (TqQ)dλ, then t · v ∈ (Tt·qQ)dλ. In fact, by using (3.13), for w ∈ Tt·qQ,
dλ(t · v, w) = ((φt)∗dλ) (v, (dφt)−1(w)) = dλ (v, (dφt)−1(w)) .
This vanishes, since Q consists of closed Reeb orbits and thus dφt preserves TQ.
Secondly, the same identity (3.13) further indicates that this S1 action preserves
Ω on fibers, i.e., t∗Ω = Ω, and we are done with the proof of this proposition. 
Summarizing the above discussion, we have concluded that the base Q is deco-
rated by the one-form θ := i∗Qλ on the base Q and the bundle E is decorated by
the fiberwise symplectic 2-form Ω. They satisfy the following additional properties:
(1) Q = oF carries an S
1-action which is locally free. In particular Q/S1 is a
smooth orbifold.
(2) The one-form θ is S1-invariant, and dθ is a presymplectic form.
(3) The bundle E carries an S1-action that preserves the fiberwise 2-form Ω
and hence induces a S1-invariant symplectic vector bundle structure on E.
(4) The bundle F = T ∗N⊕E → Q carries the direct sum S1-equivariant vector
bundle structure compatible to the S1-action on Q.
We summarize the above discussions into the following theorem.
Theorem 3.11. Consider the locus Q of closed Reeb orbits of a Morse-Bott type
contact form λ. Let (TQ)ωQ ⊂ TQ be the null distribution of ωQ = i∗Qdλ and F be
the associated characteristic foliation. Then the restriction of λ to Q induces the
following geometric structures:
(1) Q = oF carries an S
1-action which is locally free. In particular Q/S1 is a
smooth orbifold. Fix an S1-invariant splitting (3.2).
(2) We have the natural identification
NQM ∼= T ∗N ⊕ E = F, (3.14)
as an S1-equivariant vector bundle, where
E := (TQ)dλ/TF
is the symplectic normal bundle.
(3) The two-form dλ restricts to a nondegenerate skew-symmetric two-form on
G, and induces a fiberwise symplectic form Ω on E defined as above.
We say that Q is of pre-quantization type if the rank of dλ|Q is maximal and is
of isotropic type if the rank of dλ|Q is zero. The general case will be a mixture of
the two.
EXPONENTIAL CONVERGENCE FOR MORSE-BOTT CASE 19
Remark 3.12. In particular when dimM = 3, such Q must be either of prequan-
tization type or of isotropic type. This is the case that is considered in [HWZ3].
The general case considered in [Bou] and [BEHWZ] includes the mixed type.
4. Contact thickening of Morse-Bott contact set-up
Motivated by the isomorphism in Theorem 3.11, we consider the pair (Q, θ) and
the symplectic vector bundle (E,Ω) → Q that satisfy the above properties. We
assume that Q is compact and connected.
In the next section, we will associate the model contact form on the direct sum
F = T ∗N ⊕ E
and prove a canonical neighborhood theorem of the locus of closed Reeb orbits of
general contact manifold (M,λ) such that the zero section of F corresponds to Q.
To state our canonical neighborhood theorem, we need to first identify the rele-
vant geometric structure of the canonical neighborhoods. For this purpose, intro-
duction of the following notion is useful.
Definition 4.1 (Pre-Contact Form). We call a one-form θ on a manifold Q a
pre-contact form if dθ has constant rank.
4.1. The S1-invariant pre-contact manifold (Q, θ). First, we consider the pair
(Q, θ) such that Q carries a nontrivial S1-action preserving the one-form θ. After
taking the quotient of S1 by some finite subgroup, we may assume that the action
is effective. We will also assume that the action is locally free. Then by the general
theory of group actions of compact Lie group (see [He] for example), the action
is free on a dense open subset and has only a finite number of different types of
isotropy groups. In particular the quotient P := Q/S1 becomes a presymplectic
orbifold with a finite number of different types of orbifold points. We denote by
Y the vector field generating the S1-action, i.e., the S1-action is generated by its
flows.
We require that the circle action preserves θ, i.e., LY θ = 0. Since the action is
locally free and free on a dense open subset of Q, we can normalize the action so
that
θ(Y ) ≡ 1. (4.1)
We denote this normalized vector field by Xθ. We would like to emphasize that
θ may not be a contact form but can be regarded as the connection form of the
circle bundle S1 → Q → P over the orbifold P in general. Although P may carry
non-empty set of orbifold points, the connection form θ is assumed to be smooth
on Q.
Similarly as in Lemma 3.7, we also require the presence of S1-invariant splitting
ker dθ = R{Xθ} ⊕H
such that the subbundle H is also integrable.
With these terminologies introduced, we can rephrase Theorem 3.11 as the fol-
lowing.
Theorem 4.2. Let Q be the locus foliated by closed Reeb orbits of a contact man-
ifold (M,λ) of Morse-Bott type. Then Q carries a locally free S1-action and
(1) an S1-invariant pre-contact form θ given by θ = i∗Qλ,
20 YONG-GEUN OH, RUI WANG
(2) a splitting
ker dθ = R{Xθ} ⊕H, (4.2)
such that the distribution H = ker dθ ∩ ξ|Q is integrable,
(3) an S1-equivariant symplectic vector bundle (E,Ω)→ Q with
E = (TQ)dλ/ kerdθ, Ω = [dλ]E
Here we use the fact that there exists a canonical embedding
E = (TQ)dλ/ kerdθ →֒ TQM/TQ = NQM
and dλ|(TQ)dλ canonically induces a bilinear form [dλ]E on E = (TQ)dλ/ kerdi∗Qλ
by symplectic reduction.
Definition 4.3. Let (Q, θ) be a pre-contact manifold equipped with a locally free
S1-action generated by a vector field Y , and with a S1-invariant one-form θ and
the splitting (4.2). Assume θ(Y ) ≡ 1. We call such a triple (Q, θ,H) a Morse-Bott
contact set-up.
As before, we denote by F and N the associated foliations on Q, and decompose
TF = R{Xθ} ⊕ TN .
We define a one-form ΘG on T
∗N as follows. For a tangent ξ ∈ Tα(T ∗N ), define
ΘG(ξ) := α(pTN ;Gdπ(T∗N )(ξ)) (4.3)
using the splitting
TQ = R{Xθ} ⊕ TN ⊕G.
By definition, it follows ΘG|V T (T∗N ) ≡ 0 and dΘG(α) is nondegenerate on
T˜qN ⊕ V TαT ∗N ∼= TqN ⊕ T ∗qN
which becomes the canonical pairing defined on TqN⊕T ∗qN under the identification.
4.2. The bundle E. We next examine the structure of the S1-equivariant sym-
plectic vector bundle (E,Ω).
We denote by ~R the radial vector field which generates the family of radial
multiplication
(c, e) 7→ c e.
This vector field is invariant under the given S1-action on E, and vanishes on the
zero section. By its definition, dπ(~R) = 0, i.e., ~R is in the vertical distribution,
denoted by V TE, of TE.
Denote the canonical isomorphism VeTE ∼= Eπ(e) by Ie;π(e). It obviously inter-
twines the scalar multiplication, i.e.,
Ie;π(e)(µ ξ) = µIe;π(e)(ξ)
for a scalar µ. It also satisfies the following identity (4.4) with respect to the
derivative of the fiberwise scalar multiplication map Rc : E → E.
Lemma 4.4. Let ξ ∈ VeTE. Then
Ic e;π(c e)(dRc(ξ)) = c Ie;π(e)(ξ) (4.4)
on Eπ(c e) = Eπ(e) for any constant c.
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Proof. We compute
Ic e;π(c e)(dRc(ξ)) = Ic e;π(c e)
(
d
ds
∣∣∣
s=0
c(e + sξ)
)
= Ic e;π(c e)(Rc(ξ)) = c Ie;π(e)(ξ)
which finishes the proof. 
We then define the fiberwise two-form Ωv on V TE → E by
Ωve(ξ1, ξ2) = ΩπF (e)(Ie;π(e)(ξ1), Ie;π(e)(ξ2))
for ξ1, ξ2 ∈ VeTE, and one-form ~R⌋Ωv respectively.
Now we introduce an S1-invariant symplectic connection on E and choose the
splitting
TE = HTE ⊕ V TE.
Existence of such an invariant connection follows e.g., by averaging over the compact
group S1. We denote by Ω˜ the resulting two-form on E. We extend the fiberwise
form Ω of E into the differential two-form Ω˜ on E by setting
Ω˜e(ξ, ζ) = Ω
v
e(ξ
v, ζv).
Denote by ~R the radial vector field of E → Q and consider the one-form
~R⌋Ω˜ (4.5)
which is invariant under the action of S1 on E.
Remark 4.5. Suppose dλE(·, JE ·) =: gE;JE defines a Hermitian vector bundle
(ξE , gE,J , JE). Then we can write the radial vector field considered in the previous
section as
~R(e) =
k∑
i=1
ri
∂
∂ri
where (r1, · · · , rk) is the coordinates of e for a local frame {e1, · · · , ek} of the vector
bundle E. By definition, we have
Ie;πE(e)(
~R(e)) = e. (4.6)
Obviously the right hand side expression does not depend on the choice of local
frames. Let (E,Ω, JE) be a Hermitian vector bundle and define |e|2 = gF (e, e).
Motivated by the terminology used in [BT], we call the one-form
ψ = ψΩ =
1
r
∂
∂r
⌋Ωv (4.7)
the global angular form for the Hermitian vector bundle (E,Ω, JE). Note that ψ is
defined only on E \ oE although Ω is globally defined.
We state the following lemma.
Lemma 4.6. Let Ω be as above. Then,
(1) ~R⌋dΩ˜ = 0.
(2) For any non-zero constant c > 0, we have
R∗c Ω˜ = c
2 Ω˜.
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Proof. Notice that Ω˜ is compatible with Ω in the sense of symplectic fibration and
the symplectic vector bundle connection is nothing but the Ehresmann connection
induced by Ω˜, which is a symplectic connection now. Since ~R is vertical, the
statement (1) immediately follows from the fact that the symplectic connection is
vertical closed.
It remains to prove statement (2). Let e ∈ E and ξ1, ξ2 ∈ TeE. By definition,
we derive
(R∗c Ω˜)e(ξ1, ξ2) = Ω˜c e(dRc(ξ
v
1 ), dRc(ξ
v
2 ))
= Ωvc e(dRc(ξ
v
1 ), dRc(ξ
v
2 ))) = c
2Ω˜e(ξ1, ξ2)
where we use the equality (4.4) and πF (c e) = π(e) for the fourth equality.
This proves R∗c Ω˜ = c
2Ω˜. 
It follows from Lemma 4.6 (2) that we get L~RΩ˜ = 2Ω˜. By Cartan’s formula, we
get
d(~R⌋Ω˜) = 2Ω˜.
4.3. Canonical contact form and contact structure on F . Let (Q, θ,H) be a
given Morse-Bott contact set up and (E,Ω)→ Q be any S1-equivariant symplectic
vector bundle equipped with an S1-invariant symplectic connection on it.
Now we equip the bundle F = T ∗N ⊕ E with a canonical S1-invariant contact
form on F . We denote the bundle projections by πE;F : F → E and πT∗N ;F :
F → T ∗N of the splitting F = T ∗N ⊕ E respectively, and provide the direct sum
connection on F = T ∗N ⊕ E.
Theorem 4.7. Let (Q, θ,H) be a Morse-Bott contact set-up. Denote by F and
N the foliations associated to the distribution kerdθ and H, respectively. We also
denote by TF , TN the associated foliation tangent bundles and T ∗N the foliation
cotangent bundle of N . Then for any symplectic vector bundle (E,Ω)→ Q with an
S1-invariant symplectic connection, the following holds:
(1) The total space of the bundle F = T ∗N ⊕ E carries a canonical contact
form λF ;G defined as in (4.8), for each choice of complement G such that
TQ = TF ⊕G.
(2) For any two such choices of G, G′, the associated contact forms are canon-
ically gauge-equivalent by a bundle map ψGG′ : TQ→ TQ preserving TF .
Proof. We define a differential one-form on F explicitly by
λF = π
∗
F θ + π
∗
T∗N ;FΘG +
1
2
π∗E;F
(
~R⌋Ω˜
)
. (4.8)
Using Lemma 4.6, we obtain
dλF = π
∗
Fdθ + π
∗
T∗N ;FdΘG + π
∗
E;F Ω˜ (4.9)
by taking the differential of (4.8).
A moment of examination of this formula gives rise to the following
Proposition 4.8. There exists some δ > 0 such that the one-form λF is a contact
form on the disc bundle Dδ(F ), where
Dδ(F ) = {(q, v) ∈ F | ‖v‖ < δ}
such that λF |oF = θ on Q ∼= oF ⊂ F .
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Proof. This immediately follows from the formulae (4.8) and (4.9). 
This proves the statement (1).
For the proof of the statement (2), we first note that the bundle E itself does
not depend on the choice of G. On the other hand, we put the one-form
λF ;G = π
∗
F θ + π
∗
T∗N ;FΘG +
1
2
π∗E;F
(
~R⌋Ω˜
)
on E, which depends on G in general because the one-form ΘG does. Furthermore
we recall that the projection map πT∗N ;F also depends on the canonical splitting
TQF = HTQF ⊕ V TQF ∼= TQ⊕ F |Q. (4.10)
Now we fix this splitting TQF and let G, G
′ be two splittings of TQ
TQ = TF ⊕G = TF ⊕G′.
Since both G, G′ are transversal to TF in TQ, we can represent G′ as the graph
of the bundle map AG : G→ TN . Then we consider the bundle isomorphism
ψGG′ : TQ/R{Xλ} → TQ/R{Xλ}
defined by
ψGG′ =
(
IdTN AG
0 idG
)
under the splitting TQ = R{Xλ} ⊕ TN ⊕ G. Then ψGG′(G) = GraphAG and
ψGG′ |TN = idTN . Therefore we have pTN ;G = pTN ;G′ ◦ ψGG′ .
We compute
ΘG(α)(η) = α(pTN ;G(dπT∗N (η)))
= α(pTN ;G′ ◦ ψGG′(η)) = ΘG′(α)(ψGG′(η)).
This proves ΘG = ΘG′ ◦ ψGG′ . 
Now we study the contact geometry of (Dδ(F ), λF ). We first note that the
two-form dλF is a presymplectic form with one dimensional kernel such that
dλF |V TF = Ω˜v|V TF .
Denote by X˜ := (dπF ;H)
−1(X) the horizontal lifting of the vector field X on Q,
where
dπF ;H := dπF |H : HTF → TQ
is the bijection of the horizontal distribution and TQ.
Lemma 4.9 (Reeb Vector Field). The Reeb vector field XF of λF is given by
XF = X˜θ,
where X˜θ denotes the horizontal lifting of Xθ to F .
Proof. We only have to check the defining property X˜θ⌋λF = 1 and X˜θ⌋dλF = 0.
We first look at
λF (X˜θ) = π
∗
F θ(X˜θ) + π
∗
T∗N ;FΘG(X˜θ) +
1
2
π∗E;F
(
~R⌋Ω˜
)
(X˜θ)
= θ(Xθ) + 0 + 0 = 1.
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Here Ω˜(~R, X˜θ) = 0 by definition of Ω˜ since X˜
v
θ = 0. Then we calculate
X˜θ⌋dλF = X˜θ⌋(π∗Fdθ + Ω˜ + π∗T∗N ;FdΘG)
= X˜θ⌋π∗Fdθ + X˜θ⌋Ω˜ + X˜θ⌋π∗T∗N ;FdΘG = 0.
We only need to explain why the last term X˜θ⌋π∗T∗N ;FdΘG vanishes. In fact
prN ;GdπF (X˜θ) = prN ;G(Xθ) = 0. Using this, the definition of ΘG and the S
1-
equivariance of the vector bundle F → Q and the fact that X˜θ is the vector field
generating the S1-action, we derive
X˜θ⌋π∗T∗N ;FdΘG = 0
by a straightforward computation. This finishes the proof. 
Now we calculate the contact structure ξF .
Lemma 4.10 (Contact Distribution). At each point (α, e) ∈ UF ⊂ F , we define
two subspaces of T(α,e)F
V := {ξV ∈ T(α,e)F | ξV = −π∗T∗N ;FΘG(η)XF + η˜, η ∈ ker θ}
and
W := {ξW ∈ T(α,e)F | ξW := −1
2
π∗E;F Ω˜(e, v)XF + v, v ∈ V TF},
Then ξF = V ⊕W.
Proof. By straightforward calculation, both V andW are subspaces of ξF = kerλF .
For any ξ ∈ ξF , we decompose ξ = ξh + ξv using the decomposition TF =
HTF ⊕ V TF . Since π∗T∗N ;FΘG(η˜) = ΘG(η) and we can write ξv = I(e;π(e))(v) for
a unique v ∈ Eπ(e). Therefore we need to find b ∈ R, η ∈ ker θ so that for the
horizontal vector ξh = ˜(η + bXθ)
λF (ξ) = 0
−π∗T∗N ;FΘG(η)XF + η˜ ∈ V
−1
2
π∗E;F Ω˜(e, v)XF + v ∈ W.
Then
ξh = ˜(η + bXθ)
= η˜ + bXF
which determines η ∈ Tπ(e)N ⊕Gπ(e) uniquely. We need to determine b.
Since
0 = λF (ξ) = λF (η˜ + bXF + ξ
v)
= b+ λF (η˜) + λF (ξ
v)
= b+ π∗T∗N ;FΘG(η˜) +
1
2
π∗E;F Ω˜(e, v)
Then we set ξW = − 12π∗E;F Ω˜(~R, v)XF + v for v such that Ie;π(e)(v) = ξv and then
finally choose b = −π∗T∗N ;FΘG(η˜) so that ξV := −π∗T∗N ;FΘG(η˜)XF + η˜. Therefore
we have proved ξF = V +W .
To see it is a direct sum, assume
−(π∗T∗N ;FΘG)(η˜)XF + η˜ −
1
2
π∗E;F Ω˜(e, v)XF + v = 0,
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for some η ∈ ξλ and v ∈ V TM . Apply dπ to both sides, and it follows that
−((π∗T∗|CN ;FΘG)(η˜) + 12π∗E;F Ω˜(e, v)Xθ)+ η = 0.
Hence η = 0, and then v = 0 follows since XF is in horizontal part. This finishes
the proof. 
5. Canonical neighborhoods of the locus of closed Reeb orbits
Now let Q be the submanifold of (M,λ) that is foliated by the closed Reeb orbits
of λ with constant period T . Consider the Morse-Bott contact set-up (Q, θ,H)
defined as before and the symplectic vector bundle (E,Ω) associated to Q.
Now in this section, we prove the following canonical neighborhood theorem as
the converse of Theorem 4.2.
Theorem 5.1 (Canonical Neighborhood Theorem). Let Q be the submanifold of
closed Reeb orbits of Morse-Bott type contact form λ, and (Q, θ) and (E,Ω) be the
associated pair and F = T ∗N ⊕ E defined above. Then there exist neighborhoods
U of Q and UF of the zero section oF , and a diffeomorphism ψ : UF → U and a
function f : UF → R such that
ψ∗λ = f λF ;G f |oF ≡ 1, df |oF ≡ 0
and
i∗oFψ
∗λ = θ, (ψ∗dλ|V TF )|oF = 0⊕ Ω
where we use the canonical identification of V TF |oF ∼= T ∗N ⊕E on the zero section
oF ∼= Q.
We first identify the local pair (U , Q) ∼= (UF , Q) by a diffeomorphism φ : U → UF
such that
φ|Q = idQ, dφ(NQM) = T ∗N ⊕ E.
Such a diffeomorphism obviously exists by definition of E and T ∗N via the normal
exponential map with respect to any metric g (defined on U) that satisfies the
following property: We note that we have the associated short exact sequences
0→ TF → TQ→ TQ/TF → 0 (5.1)
0→ TQ→ TQM → NQM → 0 (5.2)
0→ E → NQM → NQM/E → 0 (5.3)
which are S1-equivariant with respect to the above mentioned natural induced S1-
action on Q. We take S1-equivariant splittings of (5.2), (5.3) in addition to that of
(5.1) used in Theorem 1.6. We then choose an S1-equivariant metric on the vector
bundle NQM ∼= F whose associated normal exponential map of Q ∼= oF respects
the above chosen splittings.
From now on, we will sometimes denote UF by F in the following context if there
is no danger of confusion. Now F carries two contact forms ψ∗λ, λF with ψ = φ
−1
and they are the same on the zero section oF . With this preparation, we will derive
Theorem 5.1 by the following general submanifold version of Gray’s theorem.
Theorem 5.2. Let M be an odd dimensional manifold with two contact forms λ0
and λ1 on it. Let Q be a closed manifold of closed Reeb orbits of λ0 in M and
λ0|TQM = λ1|TQM , dλ0|TQM = dλ1|TQM (5.4)
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where we denote TQM = TM |Q. Then there exists a diffeomorphism φ from a
neighborhood U to V such that
φ|Q = idQ, (5.5)
and a function f > 0 such that
φ∗λ1 = f · λ0,
and
f |Q ≡ 1, df |TQM ≡ 0. (5.6)
Proof. By the assumption on λ0, λ1, there exists a small tubular neighborhood of
Q in M , denote by U , such that the isotopy λt = (1 − t)λ0 + tλ1, t ∈ [0, 1], are
contact forms in U : this follows from the requirement (5.4). Moreover, we have
λt|TQM ≡ λ0|TQM (= λ1|TQM ), for any t ∈ [0, 1].
Then the standard Moser’s trick will finish up the proof. For reader’s convenience,
we provide the details here.
We are looking for a family of diffeomorphisms onto its image φt : U ′ → U for
some smaller open subset U ′ ⊂ U ′ ⊂ U such that
φt|Q = idQ, dφt|TQM = idTQM
for all t ∈ [0, 1], together with a family of functions ft > 0 defined on U ′ such that
φ∗tλt = ft · λ0 on U ′
for 0 ≤ t ≤ 1. We will further require ft ≡ 1 on Q and dft|Q ≡ 0.
SinceQ is a closed manifold, it is enough to look for the vector fields Yt generating
φt via
d
dt
φt = Yt ◦ φt, φ0 = id, (5.7)
that satisfies {
φ∗t
(
d
dtλt + LYtλt
)
=
f ′t
ft
φ∗tλt
Yt|Q ≡ 0, ∇Yt|TQM ≡ 0.
By Cartan’s magic formula, the first equation gives rise to
d(Yt⌋λt) + Yt⌋dλt = LYtλt = (
f ′t
ft
◦ φ−1t )λt − α, (5.8)
where
α = λ1 − λ0(≡ dλt
dt
).
Now, we need to show that there exists Yt such that
d
dtλt+LYtλt is proportional to
λt. Actually, we can make our choice of Yt unique if we restrict ourselves to those
tangent to ξt = kerλt by Lemma 2.1.
We require Yt ∈ ξt and then (5.8) becomes
α = −Yt⌋dλt + (f
′
t
ft
◦ φ−1t )λt. (5.9)
This in turn determines φt by integration. Since α|Q = (λ1 − λ0)|Q = 0 and
λt|TQM = λ0|TQM , (and hence ft ≡ 1 on Q), it follows that Yt = 0 on Q. Therefore
by compactness of [0, 1]×Q, the domain of existence of the ODE x˙ = Yt(x) includes
an open neighborhood of [0, 1]×Q ⊂ R×M which we may assume is of the form
(−ǫ, 1 + ǫ)× V .
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Now going back to (5.9), we find that the coefficient
f ′t
ft
◦ φ−1t is uniquely de-
termined. We evaluate α = λ1 − λ0 against the vector fields Xt := (φt)∗Xλ0 , and
get
d
dt
log ft =
f ′t
ft
= (λ1(Xt)− λ0(Xt)) ◦ φt, (5.10)
which determines ft by integration with the initial condition f0 ≡ 1.
It remains to check the additional properties (5.5), (5.6). We set
ht =
f ′t
ft
◦ φ−1t .
Lemma 5.3.
dht|TQM ≡ 0
Proof. By (5.10), we obtain
dht = d(λ1(Xt))− d(λ0(Xt)) = LXt(λ1 − λ0)−Xt⌋d(λ1 − λ0).
Since Xt = Xλ0 = Xλ1 on Q, Xt ∈ ξ1 ∩ ξ0 and so the second term vanishes.
For the first term, consider p ∈ Q and v ∈ TpM . Let Y be a locally defined
vector field with Y (p) = v. Then we compute
LXt(λ1 − λ0)(Y )(p) = LXt((λ1 − λ0)(Y ))(p)− (λ1 − λ0)(LXtY )(p).
The second term of the right hand side vanishes since λ1 = λ0 on TpM for p ∈ Q.
For the first one, we note Xt is tangent to Q for all t and (λ1 − λ0)(Y ) ≡ 0 on Q
by the hypothesis λ0 = λ1 on TQM . Therefore the first term also vanishes. This
finishes the proof. 
Now we set gt = log ft. Since φt is a diffeomorphism and φt(Q) ⊂ Q, this implies
dg′t = 0 on Q for all t. By integrating dg
′
t = 0 with dg
′
0 = 0 along Q over time t = 0
to t = 1, which implies dgt = 0 along Q (meaning dgt|TQM = 0), i.e., dft = 0 on Q.
This completes the proof of Theorem 5.2. 
Applying this theorem to λ and λF on F with Q as the zero section oF , we can
wrap-up the proof of Theorem 5.1
Proof of Theorem 5.1. The requirement (1.4) and the first of (1.5) are immediate
translations of Theorem 5.2. For the second requirement in (1.5), we compute
ψ∗dλ = df ∧ λF + f dλF .
By using df |oF = 0 and f |oF = 1, we derive
ψ∗dλ|V TF = dλF |V TF = Ω
on oF . This then finishes the second an hence finishes the proof. 
Definition 5.4 (Normal Form of Contact Form). We call (UF , f λF ) the normal
form of the contact form λ associated to the Morse-Bott submanifold Q of closed
Reeb orbits.
Note that the contact structures associated to ψ∗λ and λF are the same which
is given by
ξF = kerλF = kerψ
∗λ.
This proves the following normal form theorem of the contact structure (M, ξ) in
a neighborhood of Q.
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Proposition 5.5. Suppose that Q ⊂M be a submanifold of closed Reeb orbits of λ.
Then there exists a contactomorphism from a neighborhood U ⊃ Q to a neighborhood
of the zero section of F equipped with S1-equivariant contact structure λF .
Definition 5.6 (Normal Form of Contact Structure). We call (F, ξF ) the normal
form of (M, ξ) associated to the Morse-Bott submanifold Q of closed Reeb orbits.
However, the Reeb vector fields of ψ∗λ and λF coincide only along the zero
section in general.
In the rest of the paper, we will work with F and for the general contact form λ
that satisfies
λ|oF ≡ λF |oF , dλ|V TF |oF = Ω. (5.11)
In particular oF is also the locus of closed Reeb orbits with the same period T of
a Morse-Bott contact form λ. We re-state the above normal form theorem in this
context.
Proposition 5.7. Let λ be any contact form in a neighborhood of oF on F sat-
isfying (5.11). Then there exist an open embedding ψ : U → F and a function f
on U for open neighborhoods U , F of oF such that ψ|oF = idoF , ψ∗λ = f λF with
f |oF ≡ 1 and df |oF ≡ 0.
We denote ξ and Xλ the corresponding contact structure and Reeb vector field
of λ, and πλ, πλF the corresponding projection from TF to ξ and ξF .
6. Linearization of closed Reeb orbit on the normal form
In this section, we systematically examine the decomposition of the linearization
map of closed Reeb orbits in terms of the coordinate expression of the loops z in F
in this normal neighborhood.
For a given map z : S1 → F , we denote by x := πF ◦ z. Then we can express
z(t) = (x(t), s(t)), t ∈ S1
where s(t) ∈ Fx(t), i.e., s is the section os x∗F .
We regard this decomposition as the map
I : C∞(S1, F )→ HFS1
where HF is the infinite dimensional vector bundle
HFS1 =
⋃
x∈C∞(S1,F )
HFS1,x
where HFS1,x is the vector space given by
HFS1,x = Ω0(x∗F )
the set of smooth sections of the pull-back vector bundle x∗F . This provides a
coordinate description of C∞(S1, F ) in terms of HFS1 . We denote the corresponding
coordinates z = (uz, sz) when we feel necessary to make the dependence of (x, s)
on z explicit.
We fix an S1-invariant connection on F and the associated splitting
TF = HTF ⊕ V TF (6.1)
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which is defined to be the direct sum of the connection of T ∗N and the S1-invariant
connection on the symplectic vector bundle (E,Ω). Then we express
z˙ =
( ˜˙x
∇ts
)
.
Here we regard x˙ as a TQ-valued one-form on S1 and ∇ts is defined to be
∇x˙s = (x∗∇) ∂
∂t
s
which we regard as an element of Fx(t). Through identification of HsTF with
TπF (s)Q and VsTF with Fπ(s) or more precisely through the identity˜˙x ◦ Is;x = x˙,
we will just write
z˙ =
(
x˙
∇ts
)
.
Recall that oF is foliated by the closed Reeb orbits of λ which also form the
fibers of the prequantization bundle Q→ P .
For a given Reeb orbit z = (x, s), we denote x(t) = γ(T · t) where γ is a Reeb
orbit of period T of the contact form θ on Q which is nothing but a fiber of the
prequantization Q→ P . We then decompose
DΥ(z)(Z) = (DΥ(z)(Z))v + (DΥ(z)(Z))h.
Then the assignment Z 7→ (DΥ(z)(Z))v defines an operator from Γ(z∗V TF ) to
Γ(z∗V TF ). We remark that since V TF ⊂ ξ, we have
DΥ(z)(Z) = DπΥ(z)(Z) (6.2)
for any vertical vector field Z.
Composing with the map Iz;x, we have obtained an operator from Ω
0(x∗F ) to
Ω0(x∗F ). We denote this operator by
Dυ(x) : Ω0(x∗F )→ Ω0(x∗F ). (6.3)
Using XF = X˜λ,Q and ∇YXF = 0 for any vertical vector field Y , we derive the
following proposition from Lemma 2.8. This will be important later for our expo-
nential estimates.
Proposition 6.1. Let Dυ = Dυ(x) be the operator defined above. Define the
vertical Hamiltonian vector field XΩg by
XΩg ⌋Ω = dg|V TF .
Then
Dυ = ∇Ft − T DvXΩg (z) (6.4)
where z = (x, ox).
Proof. Consider a vertical vector field Z ∈ V TF along a Reeb orbit z as above and
regard it as the section of z∗F defined by
sZ(t) = Iz;x(Z(t))
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where γ is a Reeb orbit with period T of Xλ,Q on oF ∼= Q. Recall the formula
DΥ(z)(Z) = DπΥ(z)(Z)
= ∇πt Z − T
(
1
f
∇ZXλF + Z[1/f ]XλF
)
− T
(
1
f
∇ZYdg + Z[1/f ]Ydg
)
(6.5)
from (6.2), and Lemma 2.8 which we apply to the vertical vector field Z for the
contact manifold (UF , λF ).
We recall f ≡ 1 on oF and df ≡ 0 on TF |oF . Therefore we have Z[1/f ] = 0.
Furthermore recall XF = X˜λ,Q and
∇ZXF = DvXF (sZ) = DvX˜θ(sZ) = 0
on oF . On the other hand, by definition, we derive
Iz;x
(
1
f
∇ZYdg
)
= DvXΩg (sZ).
By substituting this into (6.5) and composing with Iz;x, we have finished the proof.

By construction, it follows that the vector field along z defined by
t 7→ φtXθ (v), t ∈ [0, 1]
for any v ∈ Tz(0)Q lie in kerDΥ(z). By the Morse-Bott hypothesis, this set of
vector fields exhausts kerDΥ(z). We denote by δ > 0 the gap between 0 and the
first non-zero eigenvalue of DΥ(z). Then we obtain the following
Corollary 6.2. Let z = (xz , oxz) be a Reeb orbit. Then for any section s ∈
Ω0(x∗F ), we have
‖∇Ft s− TDvXΩg (z)(s)‖2 ≥ δ2‖s‖22. (6.6)
This inequality plays a crucial role in the study of exponential convergence of
contact instantons in the Morse-Bott context studied later in the present paper.
7. Normal coordinates of dw in (UF , fλF )
We fix the splitting TF = HTF ⊕ V TF given in (6.1) and consider the decom-
position of w = (u, s) according to the splitting. For a given map w : Σ˙ → F , we
denote by u := πF ◦ w. Then we can express
w(z) = (u(z), s(z)), z ∈ Σ
where s(z) ∈ Fu(z), i.e., s is the section of u∗F .
We regard this decomposition as the map
I : F(Σ, F )→ HFΣ
where HF is the infinite dimensional vector bundle
HFΣ =
⋃
u∈F(Σ,F )
HFΣ,u
where HFΣ,u is the vector space given by
HFΣ,u = Ω0(u∗F )
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the set of smooth sections of the pull-back vector bundle u∗F . This provides a
coordinate description of F(Σ, F ) in terms of HFΣ . We denote the corresponding
coordinates w = (uw, sw) when we feel necessary to make the dependence of (u, s)
on w explicit.
In terms of the splitting (6.1), we express
dw =
(
d˜u
∇dus
)
.
Here we regard du as a TQ-valued one-form on Σ˙ and ∇dus is defined to be
∇du(η)s(z) = (u∗∇)ηs
for a tangent vector η ∈ TzΣ, which we regard as an element of Fu(z). Through iden-
tification of HTFs with TπF (s)Q and V TFs with FπF (s) or more precisely through
the identity
Iw;u(d˜u) = du,
we will just write
dw =
(
du
∇dus
)
from now on, unless it is necessary to emphasize the fact that dw a priori has values
in TF = HTF ⊕ V TF , not TQ⊕ F .
To write them in terms of the coordinates w = (u, s), we first derive the formula
for the projection dπw = dπλw with λ = f λF . For this purpose, we recall the
formula for XfλF from Proposition 2.6 subsection 2.2
XfλF =
1
f
(Xλ + Ydg), Ydg := πλF (♭λF (dg))
for g = log f . We decompose
Ydg = (Ydg)
v + (Ydg)
h
into the vertical and the horizontal components. This leads us to the decomposition
f XfλF = (Ydg)
h +XλF + (Ydg)
v (7.1)
in terms of the splitting
TF = ˜(ξλ ∩ TQ)⊕ R{XF} ⊕ V TF, HTF = ˜(ξλ ∩ TQ)⊕ R{XF}.
Recalling dλF = π
∗
F dθ + π
∗
T∗N ;F dΘG + π
∗
E;F Ω˜, and since dΘG vanishes on V TF ,
we have derived
Lemma 7.1. At each s ∈ F ,
(Ydg)
v(s) = X
Ωv(s)
g|Fπ(s)
. (7.2)
Now we are ready to derive an important formula that will play a crucial role in
our exponential estimates in later sections. Recalling the canonical isomorphism
Is;πF (s);V TFs → Fπ(s)
we introduced in section 2, we define the following vertical derivative
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Definition 7.2. LetX be a vector field on F → Q. The vertical derivative, denoted
by DvX : F → F is the map defined by
DvX(q)(f) :=
d
dr
∣∣∣
r=0
Irf ;π(rf)(X
v(rf)) (7.3)
Proposition 7.3. Let (E,Ω, JE) be the Hermitian vector bundle for Ω defined as
before. Let g = log f and XdλEg be the contact Hamiltonian vector field as above.
Then we have
JED
vYdg = Hess
v g(q, oq).
In particular, JED
vXdλEg : E → E is a symmetric endomorphism with respect to
the metric gE = Ω(·, JE ·).
Proof. Let q ∈ Q and e1, e2 ∈ Eq. We compute
〈DvYdg(q)e1, e2〉 = Ω(DvYdg(q)e1, JEe2)
dλE(D
vYdg(q)e1, JEe2) = Ω
(
d
dr
∣∣∣
r=0
Ire1;q((Ydg)
v(re1)), JEe2
)
= Ω
(
d
dr
∣∣∣
r=0
Ire1;q(X
Ω
g (re1)), JEe2
)
.
Here ddr
∣∣∣
r=0
XΩg (re1) is nothing but
DXΩg (q)(e1)
where DXΩg (q) is the linearization of the Hamiltonian vector field of g|Eq of the
symplectic inner product Ω(q) on Eq. Therefore it lies at the symplectic Lie algebra
sp(Ω) and so satisfies
Ω(DXΩg (q)(e1), e2) + Ω(e1, DX
Ω
g (q)(e2)) = 0 (7.4)
which is equivalent to saying that JEDX
Ω
g (q) is symmetric with respect to the inner
product gE = Ω(·, JE ·). But we also have
JEDX
Ω
g (q) = D gradgE(q) g|Eq = Hessv g(q).
On the other hand, (7.4) also implies
Ω(DXΩg (q)(JEe1), e2)− Ω(DXΩg (q)(e2), JEe1) = 0
with e1 replaced by Je1 therein. The first term becomes
〈DXΩg (q)(e1), e2〉
and the second term can be written as
Ω(DXΩg (q)(JEe2), e1) = −Ω(JEe2, DXΩg (q)(e1))
= Ω(e2, JEDX
Ω
g (q)(e1))
= 〈e2, DXΩg (q)(e1)〉.
Combining the two, we have finished the proof. 
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8. CR-almost complex structures adapted to Q
We would like to emphasize that we have not involved any almost complex struc-
ture yet. Now we involve J in our discussion.
Let J be any CR-almost complex structure compatible to λ in that (M,λ, J)
defines a contact triad and denote by g the triad metric. Then we can realize the
normal bundle NQM = TQM/TQ as the metric normal bundle
NgQM = {v ∈ TQM | dλ(v, Jw) = 0, ∀w ∈ TQ}.
We start with the following obvious lemma
Lemma 8.1. Consider the foliation N of (Q,ωQ), where ωQ = i∗Qdλ. Then JTN
is perpendicular to TQ with respect to the triad metric of (M,λ, J). In particular
JTN ⊂ NgQM .
Proof. The first statement follows from the property that TN is isotropic with
respect to ωQ. 
Now, we introduce the concept of almost complex structures adapted to the locus
Q of closed Reeb orbits of M .
Definition 8.2. Let Q ⊂ M be the locus of closed Reeb orbits of Morse-Bott
contact form λ. Suppose J defines a contact triad (M,λ, J). We say a CR-almost
complex structure J for (M, ξ) is adapted to the submanifold Q if J satisfies
J(TQ) ⊂ TQ+ JTN . (8.1)
Proposition 8.3. The set of adapted J relative to Q is nonempty and is a con-
tractible infinite dimensional manifold.
Proof. For the existence of a J adapted to Q, we recall the splitting
TqQ = R{Xλ(q)} ⊕ TqN ⊕Gq,
TqM ∼= (R{Xλ(q)} ⊕ TqN ⊕Gq)⊕ (T ∗qN ⊕ Eq)
= R{Xλ(q)} ⊕ (TqN ⊕ T ∗qN )⊕Gq ⊕ Eq
on each connected component of Q. Therefore we can find J so that it is compatible
on TN ⊕ T ∗N with respect to −dΘG|TN⊕T∗N , and compatible on G with respect
to ωQ and on E with respect to Ω. It follows that any such J is adapted to Q. This
proves the first statement.
The proof of the second statement will be postponed until Appendix. 
We note that each summand TqN ⊕ T ∗qN , Gq and Eq in the above splitting of
TQM is symplectic with respect to dλ.
We recall the embeddings T ∗N and E into NQM and the identification NQM ∼=
T ∗N ⊕ E discussed in Subsection 3.2.
Lemma 8.4. For any adapted J , the identification of the normal bundle
NQM → NgQM ; [v] 7→ d˜λ(−Jv) (8.2)
naturally induces the following identifications:
(1) T ∗N ∼= JTN .
(2) Image(E →֒ NQM) = (TQ)dλ ∩ (JTN )dλ.
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Proof. (1) follows by looking at the metric 〈·, ·〉 = dλ(·, J ·). Now restrict it to
(TQ)dλ, we can identify E with the complement of TF with respect to this metric,
which is just (TQ)dλ ∩ (JTN )dλ. 
Lemma 8.5. For any adapted J , JE ⊂ E in the sense of the identification of E
with the subbundle of TQM given in the above lemma.
Proof. Take v ∈ (TQ)dλ ∩ (JTN )dλ, then for any w ∈ TQ,
dλ(Jv, w) = −dλ(v, Jw) = 0
since JTQ ⊂ TQ+ JTN . Hence Jv ∈ (TQ)dλ.
For any w ∈ TN ,
dλ(Jv, Jw) = dλ(v, w) = 0
since v ∈ (TQ)dλ and w ∈ TQ. Hence Jv ∈ (JTN )dλ, and we are done. 
Remark 8.6. (1) We would like to mention that in the nondegenerate case
the adaptedness is automatically satisfied by any compatible CR-almost
complex structure J ∈ J (M,λ), because in that case P is a point and
HTF = R · {XF} and V TF = TF = ξF .
(2) However for the general Morse-Bott case, the set of adapted CR-almost
complex structure is strictly smaller than J (M,λ). It appears that for
the proof of exponential convergence result of closed Reeb orbits in the
Morse-Bott case, this additional restriction of J to those adapted to the
Morse-Bott submanifold of closed Reeb orbits in the above sense facili-
tates geometric computation considerably. (Compare our computations
with those given in [Bou], [BEHWZ].)
(3) When TN = {0}, (Q, λQ) carries the structure of prequantization Q →
P = Q/S1.
We specialize to the normal form (UF , fλF ). We note that the complex structure
JF : ξF → ξF canonically induces one on the vector bundle V TF → F
JvF ;V TF → V TF
satisfying (JvF )
2 = −idV TF . For any given J adapted to oF ⊂ F , it has the
decomposition
JUF |oF =

J˜G 0 0 0
0 0 I D
C −I 0 0
0 0 0 JE

on the zero section with respect to the splitting
TF |oF ∼= R{XF } ⊕G⊕ (TN ⊕ T ∗N )⊕ E.
Here we note that C ∈ Hom(G, T ∗N ) and D ∈ Hom(E, TN ), which depend on J .
Indeed it is easy to see C = 0 = D from a consideration of the equation J2U = −Id.
Using the splitting
TF ∼= R{XλF } ⊕ G˜⊕ (T˜N ⊕ V TN ∗)⊕ V TF
∼= R{XλF } ⊕ G˜⊕ (TN ⊕ T ∗N )⊕ E
on oF ∼= Q, we lift JF to a λF -compatible almost complex structure on the total
space F , which we denote by J0. We note that the triad (F, λF , J0) is naturally
S1-equivariant by the S1-action induced by the Reeb flow on Q.
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Definition 8.7 (Normalized Contact Triad (F, λF , J0)). We call the S
1-invariant
contact triad (F, λF , J0) the normalized contact triad adapted to Q.
Now we are ready to give the proof of the following.
Proposition 8.8. Consider the contact triad (UF , λF , J0) for an adapted J and its
associated triad connection. Then the zero section oF ∼= Q is totally geodesic and so
naturally induces an affine connection on Q. Furthermore the induced connection
on Q preserves TF and the splitting
TF = R{XλF } ⊕ TN .
Proof. We note that λF is invariant under the reflection of the vector bundle F → Q
by definition (4.8) of λF and so is J0 by the construction given above. Therefore
the triad metric of (UF , λF , J0) is invariant under the reflection. This implies that
the associated triad connection, which preserves the triad metric by one of the
definition properties [OW1], makes the zero section totally geodesic since it is the
fixed point set of the reflection which is an isometry with respect to the triad metric.
Therefore it canonically restricts to an affine connection on oF ∼= Q.
It remains to show that this connection preserves the splitting TF = R{Xλ,Q}⊕
TN . For the simplicity of notation, we denote λF = λ in the rest of this proof.
Let q ∈ Q and v ∈ TqQ. We pick a vector field Z that is tangent to Q and
S1-invariant and satisfies Z(q) = v. Such a vector field exists because F is the null
foliation of ωQ = i
∗
Qdλ, and Q carries the S
1-action induced by the Reeb flow of
λ. If Z is a multiple of Xλ, then we can choose Z = cXλ for some constant and
so ∇ZXλ = 0 by the axiom ∇XλXλ = 0 of contact triad connection. Then for
Y ∈ ξ ∩ TF , we compute
∇XλY = ∇YXλ + [Xλ, Y ] ∈ ξ
by an axiom of the triad connection. On the other hand, for any Z tangent to Q,
we derive
dλ(∇XλY, Z) = −dλ(Y,∇XλZ) = 0
since Q = oF is totally geodesic and so ∇XλZ ∈ TQ. This proves that ∇XλTN ⊂
TN .
For v ∈ TqQ ∩ ξq, we have ∇ZXλ ∈ ξ ∩ TQ. On the other hand,
∇ZXλ = ∇XλZ + [Z,Xλ] = ∇XλZ
since [Z,Xλ] = 0 by the S
1-invariance of Z. Now let W ∈ TN and compute
〈∇ZXλ,W 〉 = dλ(∇ZXλ, J0W ).
On the other hand J0W ∈ T ∗N ⊂ ToFF since F is (maximally) isotropic with
respect to dλ. Therefore we obtain
dλ(∇ZXλ, J0W ) = −π∗T∗N ;FΘG(q, 0, 0)(∇ZXλ, J0W ) = 0.
This proves ∇ZXλ is perpendicular to TN with respect to the triad metric and so
must be parallel to Xλ. On the other hand,
〈∇ZW,Xλ〉 = −〈∇ZXλ,W 〉 = 0
and hence if W ∈ TN , it must be perpendicular to Xλ. Furthermore we have
dλ(∇ZW,V ) = −dλ(W,∇ZV ) = 0
for any V tangent to Q since ∇ZV ∈ TQ as Q is totally geodesic. This proves
∇ZW indeed lies in ξ ∩ TF = TN , which finishes the proof. 
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Part 2. Exponential estimates for contact instantons: Morse-Bott case
In this part, we develop the three-interval method of proving C∞ exponential
convergence to closed Reeb orbits of any (charge vanishing) contact instanton with
finite π-energy and bounded gradient of any Morse-Bott contact form, and use it
at each puncture of domain Riemann surface.
The contents of this part are as follows:
• In Section 9, we briefly review the subsequence convergence result for con-
tact instantons with finite π-energy and bounded gradient. This is the
starting point for applying the three-interval method introduced in Section
10 and afterwards;
• In Section 10, an abstract three-interval method framework is presented;
• In Section 11, we focus on the prequantization case and use the three-
interval machinery introduced in Section 10 to prove exponential conver-
gence. The proof is divided into several steps which are organized into
different subsections.
• In Section 12, we prove exponential decay for general cases;
• In Section 13, we explain how to apply this method to symplectic manifolds
with asymptotically cylindrical ends.
9. Subsequence convergence on the adapted contact triad (UF , λ, J)
We first introduce the subsequence convergence result for Morse-Bott contact
instantons of finite π-energy and finite gradient bound. The proofs are almost
word-by-word the same as the nondegenerate case considered in [OW2]. For readers’
convenience, we include details here.
We fix a punctured Riemann surface (Σ˙, j) with l-punctures and associate it with
a metric h which is cylindrical at each end. To be precise, it means that there exists
a compact set KΣ ⊂ Σ˙, such that Σ˙− Int(KΣ) is the disjoint union of l+-positive
half cylinders and l−-negative half cylinders with l = l+ + l−, i.e.
Σ˙− Int(KΣ) = (⊔i=1,··· ,l+C+i ) ⊔ (⊔i=1,··· ,l−C−i ), l = l+ + l−
where
C+i = [0,∞)× S1, C−i = (−∞, 0]× S1
equipped with the cylindrical metric h|C±i = dτ
2 + dt2 thereon. For any smooth
map w : Σ˙→M, the π-harmonic energy Eπ(w) is defined as
Eπ(w) := Eπ
(λ,J;Σ˙,h)
(w) =
1
2
∫
Σ˙
|dπw|2 (9.1)
where the norm is taken by h and the triad metric on M .
We put the following hypotheses on the asymptotic study of Morse-Bott contact
instantons:
Hypothesis 9.1. Consider the contact triad (M,λ, J) with Morse-Bott contact
form λ. Let w : Σ˙ → M be a contact instanton, i.e., satisfy the contact instan-
ton equations (1.1) defined on a punctured Riemann surface with cylindrical ends
(Σ˙, j, h). We assume that w satisfies
(1) Eπ(w) := Eπ
(λ,J;Σ˙,h)
(w) <∞, i.e., finite π-energy;
(2) ‖dw‖L∞(Σ˙) <∞, i.e., finite gradient bound.
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The following two asymptotic invariants associated to each puncture play essen-
tial roles in the study of asymptotic behavior of a Morse-Bott contact instanton
satisfying Hypothesis 9.1.
Definition 9.2. Let w : Σ˙ → M be as in Hypothesis 9.1. At each puncture, we
define the asymptotic contact action TC±i (w) and the asymptotic contact chargeQC±i (w) for a contact instanton w satisfying Hypothesis 9.1 as
TC±i (w) :=
1
2
∫
C±i
|dπw|2 +
∫
{0}×S1
(w|{0}×S1)∗λ (9.2)
QC±i (w) :=
∫
{0}×S1
((w|{0}×S1 )∗λ ◦ j) (9.3)
where C± is the cylindrical end associated to the given puncture.
The following remark shows that both T and Q are translation invariant.
Remark 9.3. For any contact instanton w satisfying Hypothesis 9.1 at a puncture
[0,∞)× S1, we have
T (w) = 1
2
∫
[s,∞)×S1
|dπw|2 +
∫
{s}×S1
(w|{s}×S1 )∗λ, for any s ≥ 0,
which is due to 12 |dπw|2 dA = d(w∗λ) and Stokes’ formula; and
Q(w) =
∫
{s}×S1
(w|{s}×S1 )∗λ ◦ j, for any s ≥ 0,
which is due to d(w∗λ ◦ j) = 0.
Since our main interest lies on the asymptotic behavior of a fixed contact in-
stanton w at a given puncture, we will assume the domain of w is a positive half
cylinder [0,∞)× S1 without loss of generality. (The case of negative half cylinder
can be treated in the same way.) We simply denote the asymptotic contact action
and charge at this puncture by T and by Q respectively.
Theorem 9.4 (Subsequence Convergence [OW2]). Let (M,λ, J) be any, not nec-
essarily Morse-Bott, contact triad. Assume w : [0,∞) × S1 → M is a contact
instanton, i.e. it satisfies the contact instanton equations (1.1), and satisfies Hy-
pothesis 9.1. Then for any sequence sk → ∞, there exists a subsequence, still
denoted by sk, and a Reeb trajectory γ, not necessarily closed, such that
lim
k→∞
w(sk + τ, t) = γ(−Qτ + T t)
in the Cl(K × S1,M) sense for any l ≥ 0, where K ⊂ R is an arbitrary compact
set.
Furthermore when (M,λ, J) is of Morse-Bott type and w has non-vanishing pe-
riod T 6= 0, then there exists a connected submanifold Q foliated by closed Reeb
orbits of period T , so that the limit becomes γ(−Qτ+T t), where z is a closed Reeb
orbit over Q.
The first part of the theorem was proved in [OW2, Section 6]. For reader’s
convenience, we include its complete proof in Appendix B. Similar statement for
Morse-Bott case in the context of symplectization was proved in [HWZ3, Proposi-
tion 2.1] (see also [HWZ1, HWZ2, Proposition 2.1]).
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Corollary 9.5. Assume w : [0,∞)×S1 →M is a contact instanton, i.e. it satisfies
the contact instanton equations (1.1) in a Morse-Bott contact triad (M,λ, J), and
satisfies Hypothesis 9.1. Then
lim
s→∞
∣∣∣∣π∂w∂τ (s+ τ, t)
∣∣∣∣ = 0, lims→∞
∣∣∣∣π∂w∂t (s+ τ, t)
∣∣∣∣ = 0
lim
s→∞
λ(
∂w
∂τ
)(s+ τ, t) = −Q, lim
s→∞
λ(
∂w
∂t
)(s+ τ, t) = T
and
lim
s→∞
|∇ldw(s + τ, t)| = 0 for any l ≥ 1.
All the limits are uniform for (τ, t) in K × S1 with compact K ⊂ R.
From now on, we consider J as a CR-almost complex structure adapted to Q,
which in turn induces a CR-almost complex structures on a neighborhood UF of the
zero section of F . Denote by (UF , λ, J) the corresponding adapted contact triad.
When restricted to each connected component of the loci of closed Reeb orbits,
there exists a uniform constant τ0 > 0 such that the image of w lies in a tubular
neighborhood of Q whenever τ > τ0. In other words, it is enough to restrict
ourselves to study contact instanton maps from half cylinder [0,∞) × S1 to the
canonical neighborhood (UF , λ, J) defined in Definition 5.4 for the purpose of the
study of asymptotic behaviour at the end.
With the normal form we developed in Part 1, we express w as w = (u, s) where
u := π ◦ w : [0,∞) × S1 → Q and s = (µ, e) is a section of the pull-back bundle
u∗(JTN )⊕ u∗E → [0,∞)× S1. Recall from Section 7 and express
dw =
(
du
∇dus
)
=
 du∇duµ
∇due
 ,
we reinterpret the convergence of w stated in Theorem 9.4 in terms of the coordinate
w = (u, s) = (u, (µ, e)).
Corollary 9.6. Let w = (u, s) = (u, (µ, e)) satisfy the same assumption as in
Theorem 9.4. Then for any sequence sk → ∞, there exists a subsequence, still
denoted by sk, and a Reeb orbit γ on Q (may depend on the choice of subsequences)
with action T and charge Q, such that
lim
k→∞
u(τ + sk, t) = γ(−Q τ + T t)
in Cl(K × S1,M) sense for any l, where K ⊂ [0,∞) is an arbitrary compact set.
Furthermore, we have
lim
s→∞
|µ(s+ τ, t)| = 0, lim
s→∞
|e(s+ τ, t)| = 0
lim
s→∞
|dπλu(s+ τ, t)| = 0, lim
s→∞
u∗θ(s+ τ, t) = −Qdτ + T dt
lim
s→∞
|∇due(s+ τ, t)| = 0,
and
lim
s→∞
∣∣∇kdπλu(s+ τ, t)∣∣ = 0, lim
s→∞
∣∣∇ku∗θ(s+ τ, t)∣∣ = 0
lim
s→∞
∣∣∇kdue(s+ τ, t)∣∣ = 0 (9.4)
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for all k ≥ 1, and all the limits are uniform for (τ, t) on K × S1 with compact
K ⊂ [0,∞).
In particular,
lim
s→∞
du(s+ τ, t) = (−Q dτ + T dt)⊗Xθ
uniformly for (τ, t) in C∞ topology on K × S1 for any given compact K ⊂ [0,∞).
In the rest of the present paper, we will add the following technical assumption
of vanishing charge.
Hypothesis 9.7 (Charge vanishing).
Q :=
∫
{0}×S1
((w|{0}×S1 )∗λ ◦ j) = 0. (9.5)
Then the uniform convergence proved in this section ensures all the basic re-
quirements (including the uniformly local tameness, pre-compactness, uniformly
local coercive property and the locally asymptotically cylindrical property) of ap-
plying the three-interval method to prove exponential decay of w at the end which
we will introduce in details in following sections.
10. Abstract framework of the three-interval method
In this section, we introduce a new method in proving exponential decay using
the abstract framework of the three-interval method. In later Section 11.2, we will
apply the scheme to the normal bundle part. We remark that the method can deal
with the case with an exponentially decaying perturbation too (see Theorem 10.11).
The three-interval method is based on the following analytic lemma.
Lemma 10.1 ([MT] Lemma 9.4). For a sequence of nonnegative numbers {xk}k=0,1,··· ,N ,
if there exists some constant 0 < γ < 12 such that
xk ≤ γ(xk−1 + xk+1)
for every 1 ≤ k ≤ N − 1, then it follows
xk ≤ x0ξ−k + xNξ−(N−k), k = 0, 1, · · · , N,
where ξ :=
1+
√
1−4γ2
2γ .
Remark 10.2. (1) If we write γ = γ(c) := 1ec+e−c where c > 0 is uniquely
determined by γ, then the conclusion can be written into the exponential
form
xk ≤ x0e−ck + xNe−c(N−k).
(2) For an infinite nonnegative sequence {xk}k=0,1,···, if we have a uniform
bound of in addition, then the exponential decay follows as
xk ≤ x0e−ck.
The analysis of proving the exponential decay will be carried on a Banach bundle
E → [0,∞) modelled by the Banach space E, for which we mean every fiber Eτ
is identified with the Banach space E smoothly depending on τ . We omit this
identification if there is no way of confusion.
First we emphasize the base [0,∞) is non-compact and carries a natural trans-
lation map for any positive number r, which is σr : τ 7→ τ + r. We introduce the
40 YONG-GEUN OH, RUI WANG
following definition which ensures us to study the sections in local trivialization
after taking a subsequence.
Definition 10.3. Let E be a Banach bundle modelled with a Banach space E over
[0,∞). Let [a, b] ⊂ [0,∞) be any given bounded interval and let sk → ∞ be any
given sequence. A tame family of trivialization over [a, b] relative to the sequence
sk is defined to be a sequence of trivializations {Φk} : E|[a,b] → [a, b]× E
Φk : σ
∗
s·E|[a+sk,b+sk] → [a, b]× E
for k ≥ 0 satisfying the following: There exists a sufficiently large k0 > 0 such that
for any k ≥ k0 the bundle map
Φk0+k ◦ Φ−1k0 : [a, b]× E→ [a, b]× E
satisfies
‖∇lτ (Φk0+k ◦Φ−1k0 )‖L(E,E) ≤ Cl <∞ (10.1)
for constants Cl = Cl(|b− a|) depending only on |b − a|, l = 0, 1, · · · .
We call E uniformly locally tame, if it carries a tame family of trivializations over
[a, b] relative to the sequence sk for any given bounded interval [a, b] ⊂ [0,∞) and
a sequence sk →∞.
Definition 10.4. Suppose E is uniformly locally tame. We say a connection ∇ on
E is uniformly locally tame if the push-forward (Φk)∗∇τ can be written as
(Φk)∗∇τ = d
dτ
+ Γk(τ)
for any tame family {Φk} so that supτ∈[a,b] ‖Γk(τ)‖L(E,E) < C for some C > 0
independent of k’s.
Definition 10.5. Consider a pair E2 ⊂ E1 of uniformly locally tame bundles, and
a bundle map B : E2 → E1. We say B is uniformly locally bounded, if for any
compact set [a, b] ⊂ [0,∞) and any sequence sk → ∞, there exists a subsequence,
still denoted by sk, a sufficiently large k0 > 0 and tame families Φ1,k, Φ2,k such
that for any k ≥ 0
sup
τ∈[a,b]
‖Φi,k0+k ◦B ◦ Φ−1i,k0‖L(E2,E1) ≤ C (10.2)
where C is independent of k.
For a given locally tame pair E2 ⊂ E1, we denote by L(E2, E1) the set of bundle
homomorphisms which are uniformly locally bounded.
Lemma 10.6. If E1, E2 are uniformly locally tame, then so is L(E2, E1).
Definition 10.7. Let E2 ⊂ E1 be as above and let B ∈ L(E2, E1). We say B
is pre-compact on [0,∞) if for any locally tame families Φ1,Φ2, there exists a
further subsequence such that Φ1,k0+k ◦ B ◦ Φ−11,k0 converges to some BΦ1Φ2;∞ ∈
L(Γ([a, b]× E2),Γ([a, b]× E1)).
Assume B is a bundle map from E2 to E1 which is uniformly locally bounded,
where E1 ⊃ E2 are uniformly locally tame with tame families Φ1,k, Φ2,k. We can
write
Φ2,k0+k ◦ (∇τ +B) ◦ Φ−11,k0 =
∂
∂τ
+BΦ1Φ2,k
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as a linear map from Γ([a, b] × E2) to Γ([a, b] × E1), since ∇ is uniformly locally
tame.
Next we introduce the following notion of coerciveness.
Definition 10.8. Let E1, E2 be as above and B : E2 → E1 be a uniformly locally
bounded bundle map. We say the operator
∇τ +B : Γ(E2)→ Γ(E1)
is uniformly locally coercive, if the following holds:
(1) For any pair of bounded closed intervals I, I ′ with I ⊂ Int I ′,
‖ζ‖L2(I,E2) ≤ C(I, I ′)(‖∇τ ζ +Bζ‖L2(I′,E1) + ‖ζ‖L2(I′,E1)) (10.3)
for a constant C(I, I ′) depending only on I, I ′ but independent of ζ.
(2) if for given bounded sequence ζk ∈ Γ(E2) satisfying
∇τ ζk +Bζk = Lk
with |Lk(τ |E1 bounded on a given compact subset K ⊂ [0,∞), there exists
a subsequence, still denoted by ζk, that uniformly converges in E2.
Remark 10.9. Let E → [0,∞) × S be a (finite dimensional) vector bundle and
denote by W k,2(E) the set of W k,2-section of E and L2(E) the set of L2-sections.
Let D : L2(E) → L2(E) be a first order elliptic operator with cylindrical end.
Denote by iτ : S → [0,∞)× S the natural inclusion map. Then there is a natural
pair of Banach bundles E2 ⊂ E1 over [0,∞) associated to E, whose fiber is given by
E1,τ = L2(i∗τE), E2,τ =W 1,2(i∗τE). Furthermore assume Ei for i = 1, 2 is uniformly
local tame if S is a compact manifold (without boundary). Then D is uniformly
locally coercive, which follows from the elliptic bootstrapping and the Sobolev’s
embedding.
Finally we introduce the notion of asymptotically cylindrical operator B.
Definition 10.10. We call B locally asymptotically cylindrical if the following
holds: Any subsequence limit BΦ1Φ2;∞ appearing in Definition 10.7 is a constant
section, and ‖BΦ1Φ2,k −Φ2,k0+k ◦B ◦Φ−11,k0‖L(Ei,Ei) converges to zero as k →∞ for
both i = 1, 2.
Now we specialize to the case of Hilbert bundles E2 ⊂ E1 over [0,∞) and assume
that E1 carries a connection which is compatible with the Hilbert inner product of
E1. We denote by ∇τ the associated covariant derivative. We assume that ∇τ is
uniformly locally tame.
Denote by L2([a, b]; Ei) the space of L2-sections ζ of Ei over [a, b], i.e., those
satisfying ∫ b
a
|ζ(τ)|2Ei dt <∞.
where |ζ(τ)|Ei is the norm with respect to the given Hilbert bundle structure of Ei.
Theorem 10.11 (Three-Interval Method). Assume E2 ⊂ E1 is a pair of Hilbert
bundles over [0,∞) with fibers E2 and E1, and E2 ⊂ E1 is dense. Let B be a section
of the associated bundle L(E2, E1) and L ∈ Γ(E1). We assume the following:
(1) There exists a covariant derivative ∇τ that preserves the Hilbert structure;
(2) Ei for i = 1, 2 are uniformly locally tame;
(3) B is precompact, uniformly locally coercive and asymptotically cylindrical;
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(4) Every subsequence limit B∞ is a self-adjoint unbounded operator on E1 with
its domain E2, and satisfies kerB∞ = {0};
(5) There exists some positive number δ such that any subsequence limiting op-
erator B∞ of the above mentioned pre-compact family has all their eigen-
values λ satisfying |λ| > δ;
(6) There exists some R0 > 0, C0 > 0 and δ0 > δ such that
|L(τ)|E1,τ ≤ C0e−δ0τ
for all τ ≥ R0.
Then for any (smooth) section ζ ∈ Γ(E2) with
sup
τ∈[R0,∞)
|ζ(τ, ·)|E2,τ <∞ (10.4)
and satisfying the equation
∇τ ζ +B(τ)ζ(τ) = L(τ), (10.5)
there exist some constants R, C > 0 such that for any τ > R,
|ζ(τ)|E1,τ ≤ Ce−δτ .
Proof. We divide [0,∞) into the union of unit intervals Ik := [k, k + 1] for k =
0, 1, · · · . We first prove the exponential decay of ‖ζ‖2L2(Ik;E1) to zero as k → ∞.
By Lemma 10.1 and Remark 10.2, it is enough to prove that for the function
γ(c) = 1ec+e−c as in Remark 10.2 we have
‖ζ‖2L2(Ik;E1) ≤ γ(2δ)(‖ζ‖2L2(Ik−1;E1) + ‖ζ‖2L2(Ik+1;E1)), (10.6)
for every k = 1, 2, · · · for some choice of 0 < δ < 1. For the simplicity of notation
and also because we use only the norms ‖ζ‖L2([a,b];E1 or L∞([a, b]; E1) but for ζ ∈ E2
in the discussion below, we will just denote
L2([a, b]) := L2([a, b]; E1), L∞([a, b]) := L∞([a, b]; E1)
for any given interval [a, b].
If the inequality (10.6) does not hold for every k, we collect all the k’s that reverse
the direction of the inequality. If such k’s are finitely many, i.e., (10.6) holds after
some large k0, then we will still get the exponential estimate as the theorem claims.
Otherwise, there are infinitely many such three-intervals, which we enumerate
by I lkI := [lk, lk + 1], I
lk
II := [lk + 1, lk +2], I
lk
III := [lk + 2, lk + 3], k = 1, 2, · · · , such
that
‖ζ‖2L2(Ik
II
) > γ(2δ)(‖ζ‖2L2(Ik
I
) + ‖ζ‖2L2(Ik
III
)). (10.7)
Before we deal with this case, we first remark that this hypothesis in particular
implies ζ 6≡ 0 on I lk := I lkI ∪ I lkII ∪ I lkIII , i.e., ‖ζ‖L∞(Ilk ) 6= 0.
If there exists some uniform constant C1 > 0 such that on each such three-
intervals
‖ζ‖L∞(Ilk ) < C1e−δlk , (10.8)
it follows that
‖ζ‖L2([lk+1,lk+2]) ≤ C1e−δlk = Ce−δ(lk+1). (10.9)
Here C = C1e
−δ is purely a constant depending only on δ which will be determined
at the end. From now on, various constants C appearing below may vary but be
independent of ζ.
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Recall that under our assumption we have infinitely many intervals that satisfy
(10.6), and the exponential inequality (10.8). If the union of such intervals [lk +
1, lk + 2] is connected after some point, then we already get our conclusion from
(10.9) since every interval becomes a middle interval (of the form [lk +1, lk +2]) in
such three-intervals.
Otherwise the set of k’s that satisfy (10.6) form a sequence of clusters,
I lk+1, I lk+2, · · · , I lk+Nk
for the sequence l1, l2, · · · , lk, · · · such that lk+1 > lk+Nk and (10.6) holds on each
element contained in each cluster.
We remark that each cluster has the farthest left interval [lk + 1, lk + 2] as the
middle interval in I lk , and the farthest right interval [lk +N +2, lk +N +3] as the
middle interval in I lk+1 . (See Figure 1.)
❄ ❄
Ilk+1︷ ︸︸ ︷ Ilk+N︷ ︸︸ ︷
︸ ︷︷ ︸
Ilk
︸ ︷︷ ︸
Ilk+1=Ilk+N+1
lk +Nlk + 1
lk lk+1(= lk +N + 1)
q
q
q
q
· · · · · ·
denotes the unit intervals that satisfy (10.6)
denotes the unit intervals that satisfy (10.7) and (10.8)
Figure 1.
Then from (10.9), we derive
‖ζ‖L2([lk+1,lk+2]) ≤ Ce−δlk ,
‖ζ‖L2([lk+N+2,lk+N+3]) ≤ Ce−δlk+1 = Ce−δ(lk+N+1).
Combining them and Lemma 10.1, we get the following estimate for lk+1 ≤ l ≤
lk +N + 2,
‖ζ‖L2([l,l+1])
≤ ‖ζ‖L2([lk+1,lk+2)e−δ(l−(lk+1)) + ‖ζ‖L2([lk+N+2,lk+N+3])e−δ(lk+N+2−l)
≤ Ce−δlke−δ(l−(lk+1)) + Ce−δ(lk+N+1)e−δ(lk+N+2−l)
= Ceδ(e−δl + e−δ(2lk+2N+4−l)) ≤ (2Ceδ)e−δl.
Thus on each such cluster, we have exponential decay with the presumed rate δ as
claimed in the theorem.
Now if there is no such uniform C = C1 for which (10.8) holds, then we can find
a sequence of constants Ck → ∞ and a subsequence of such three-intervals {I lk},
still denoted by lk, such that
‖ζ‖L∞(Ilk ) ≥ Cke−δlk . (10.10)
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We can further choose a subsequence, but still denoted by lk, so that lk+3 < lk+1,
i.e., the intervals do not intersect one another.
We translate the sections ζk := ζ|[lk,lk+3] and consider the sections ζ˜k defined on
[0, 3] given by
ζ˜k(τ, ·) := ζ(τ + lk, ·).
Then (10.10) becomes
‖ζ˜k‖L∞([0,3]) ≥ Cke−δlk . (10.11)
If we consider the translations of L given by L˜k(τ, t) = L(τ + lk, t), then
|L˜k(τ, t)| < Ce−δlke−δτ ≤ Ce−δlk (10.12)
for τ ≥ 0. It follows that ζ˜k satisfies the equation
∇τ ζ˜k +B(τ + lk, ·)ζ˜k = L˜k(τ, t). (10.13)
We now rescale (10.13) by dividing it by ‖ζ˜k‖L∞([0,3]), which can not vanish
by the standing hypothesis as we remarked right below (10.7), and consider the
rescaled sequence
ζk := ζ˜k/‖ζ˜k‖L∞([0,3]).
We have now
‖ζk‖L∞([0,3]) = 1
∇τ ζk +B(τ + lk, t)ζk =
L˜k
‖ζ˜k‖L∞([0,3])
(10.14)
‖ζk‖2L2([1,2]) ≥ γ(2δ)(‖ζk‖2L2([0,1]) + ‖ζk‖2L2([2,3])).
From (10.11) and (10.12), we get
‖L˜k‖L∞([0,3])
‖ζk‖L∞([0,3]) ≤
C
Ck
,
and then by our assumption that Ck → ∞, we prove that the right hand side of
(10.14) converges to zero as k →∞.
Since B is assumed to be pre-compact, we get a limiting operator B∞ after
taking a subsequence (in a trivialization).
On the other hand, since B is locally coercive, there exists ζ∞ such that ζ¯k → ζ∞
uniformly converges in E2 and ζ∞ satisfies
∇τζ∞ +B∞ζ∞ = 0 on [0, 3], (10.15)
and
‖ζ∞‖2L2([1,2]) ≥ γ(2δ)(‖ζ∞‖2L2([0,1]) + ‖ζ∞‖2L2([2,3])). (10.16)
Since ‖ζ∞‖L∞([0,3]×S1) = 1, ζ∞ 6≡ 0. Recall that B∞ is assumed to be a (un-
bounded) self-adjoint operator on E1 with its domain E2. Let {ei} be its orthonor-
mal eigen-basis of E1 with respect to B∞. We consider the eigen-function expansion
of ζ∞(τ, ·) and write
ζ∞(τ) =
∞∑
i=1
ai(τ) ei
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for each τ ∈ [0, 3], where ei are the eigen-functions of B associated to the eigenvalue
λi with
−∞ < . . . ≤ λ−k ≤ λ−k+1 ≤ · · · < 0 < λ1 ≤ . . . ≤ λi ≤ · · · <∞.
By plugging ζ∞ into (10.15), we derive
a′i(τ) + λiai(τ) = 0, i ∈ Z \ {0}
It follows that
ai(τ) = cie
−λiτ , i ∈ Z \ {0}
for some constants ci and hence
‖ai‖2L2([1,2]) = γ(2λi)(‖ai‖2L2([0,1]) + ‖ai‖2L2([2,3])) (10.17)
with the function determined by the function
γ(2c) :=
∫ 2
1 e
−2cτ dτ∫ 1
0
e−2cτ dτ +
∫ 3
2
e−2cτ dτ
.
Equivalently, we obtain
γ(c) =
e−c − e−2c
1− e−c + e−2c − e−3λi =
1
ec + e−c
.
(This is how the function γ becomes relevant to this three interval argument. We
note that γ is an even function.) We compute
‖ζ∞‖2L2([k,k+1]) =
∫
[k,k+1]
‖ζ∞‖2L2(S1) dτ
=
∫
[k,k+1]
∑
i
|ai(τ)|2dτ =
∑
i
‖ai‖2L2([k,k+1]).
By the monotonically decreasing property of γ for c > 0, this and (10.17) give rise
to
‖ζ∞‖2L2([1,2]) < γ(2δ)(‖ζ∞‖2L2([0,1]) + ‖ζ∞‖2L2([2,3]))
for any δ satisfying 0 < δ < min{|γ−1|, γ1}. Since ζ∞ 6≡ 0, this contradicts to
(10.16), if we choose 0 < δ < min{|γ−1|, γ1} at the beginning. This finishes the
proof of the exponential decay
‖ζ‖L2(Ik;E1) ≤ Ce−δτ (10.18)
as k→∞.
Now we show this indicates the exponential decay of ‖ζ‖E1,τ . Using (10.5) and
(10.3), we also derive
‖∇τζ(τ)‖L2(Ik,E1) ≤ ‖B(τ)ζ(τ)‖L2(Ik,E1) + ‖L(τ)‖L2(Ik,E1)
≤ sup
τ∈[R0,∞)
‖B(τ)‖L(E2,E1)‖ζ(τ)‖L2(Ik,E2) + ‖L(τ)‖L2(Ik,E1)
≤ C′2C(Ik, I ′k)
(
‖(∇+B)ζ‖L2(I′
k
,E1) + ‖ζ‖L2(I′k,E1)
)
+‖L(τ)‖L2(Ik,E1))
≤ (C′2C(Ik, I ′k) + 1)‖L(τ)‖L2(I′k,E1) + C′2C(Ik, I ′k)‖ζ‖L2(Ik,E1)
≤ C′′2 e−δk. (10.19)
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Here we have chosen I ′k = [k − 13 , k + 43 ], C′2 = supτ∈[R0,∞) ‖B(τ)‖L(E2,E1) and
C′′2 = (C
′
2C(Ik, I
′
k)e
δ/3 + 1). Combining (10.18) and (10.19), we have derived
‖ζ‖W 1,2(Ik,E1) ≤ C2e−δk for all k with C2 = max{C,C′′2 }.
By applying Sobolev’s inequality for the section Ik → E1
max
τ∈Ik
|ζ(τ)|E1,τ ≤ C3‖ζ‖W 1,2(Ik,E1) (10.20)
with C3 the Sobolev constant on Ik. This now finishes the proof. 
Remark 10.12. Since E1 may not be finitely dimensional, application of the
Sobolev inequality (10.20) may not be standard to some readers. For readers’
convenience, we give a direct proof of this inequality (10.20) in Appendix C.
11. Exponential convergence: the prequantization case
To make the main arguments transparent in the scheme of our exponential es-
timates, we start with the case of prequantization, i.e., the case without N and
the normal form contains E only. The general case will be dealt with in the next
section.
We put the basic hypothesis that
|e(τ, t)| < δ (11.1)
for all τ ≥ τ0 in our further study, where δ is given as in Proposition 4.8. From
Corollary 9.6 and the remark after it, we can locally work with everything in a
neighborhood of zero section in the normal form (UE , fλE , J).
11.1. Computational preparation. For a smooth function h, we can express its
gradient vector field gradh with respect to the metric g(λE ,J0) = dλE(·, J0·)+λE ⊗
λE in terms of the λE-contact Hamiltonian vector field X
dλE
h and the Reeb vector
field XE as
gradh = −J0XdλEh +XE [h]XE . (11.2)
Note the first term −J0XdλEh =: gradhπ is the πλE -component of gradh.
Consider the vector field Y along u given by Y (τ, t) := ∇πτ e where w = (u, e) in
the coordinates defined in section 4. The vector field eτ = e(τ, t) as a vector field
along u(τ, t) is nothing but the map (τ, t) 7→ Iw(τ,t);u(τ,t)(~R(w(τ, t)) as a section of
u∗E. In particular
e(∞, t) = Iw(∞,t);u(∞,t)(~R(w(∞, t))) = Iz(t);x(Tt)(~R(ox(Tt)) = ox(Tt).
Obviously, Iw(τ,t);u(τ,t)(~R(w(τ, t)) is pointwise perpendicular to oE ∼= Q. In partic-
ular,
(Πuτx(T ·))
−1eτ ∈ (kerDΥ(z))⊥ (11.3)
where eτ is the vector field along the loop uτ ⊂ oE and we regard (Πuτx(T ·))−1eτ as
a vector field along z = (x(T ·), ox(T ·)).
For further detailed computations, one needs to decompose the contact instanton
map equation
∂
fλE
J w = 0, d(w
∗(f λE)) ◦ j) = 0. (11.4)
The second equation does not depend on the choice of endomorphisms J and be-
comes
d(w∗λE ◦ j) = −dg ∧ (λE ◦ j), g = log f (11.5)
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which is equivalent to
d(u∗θ ◦ j +Ω(e,∇Edu◦je)) = −dg ∧ (u∗θ ◦ j +Ω(e,∇Edu◦je)). (11.6)
On the other hand, by the formula (2.11), the first equation ∂
fλE
J w = 0 becomes
∂
πλE
J0
w = (w∗λE Ydg)
(0,1) + (J − J0)dπλEw (11.7)
where (w∗λE Ydg)
(0,1) is the (0, 1)-part of the one-form w∗λE Ydg with respect to
J0.
In terms of the coordinates, the equation can be re-written as(
∂
πθ
u−
(
Ω(~R(u, e),∇Edue)XE(u, e)
)(0,1)
(∇Edue)(0,1)
)
=

((
u∗θ +Ω(~R(u, e),∇Edue)
)
dπE((Ydg)
h)
)(0,1)
((
u∗θ +Ω(~R(u, e),∇Edue)
)
XΩg (u, e)
)(0,1)
+ (J − J0)dπλEw.
Here
(
Ω(~R(u, e),∇Edue)XE(u, e)
)(0,1)
is the (0, 1)-part with respect to JQ and
(∇Edue)(0,1) is the (0, 1)-part with respect to JE . From this, we have derived
Lemma 11.1. In coordinates w = (u, e), (11.4) is equivalent to
∇′′due =
(
w∗λE X
Ω
g (u, e)
)(0,1)
+ Iw;u ((J − J0)dπλEw)v) (11.8)
∂
π
u =
(
w∗λE (dπE(Ydg)
h)
)(0,1)
+
(
Ω(e,∇Edue)Xθ(u(τ, e))h
)(0,1)
+dπE ((J − J0)dπλEw)h (11.9)
and
d(w∗λE ◦ j) = −dg ∧ w∗λE ◦ j (11.10)
with the insertions of
w∗λE = u
∗θ +Ω(e,∇Edue).
Note that with insertion of (11.10), we obtain
∂
π
u =
(
u∗θ dπE((Ydg)
h)
)(0,1)
+
(
Ω(e,∇Edue) (Xθ(u(τ, e)) + dπE(Ydg))h
)(0,1)
+dπE ((J − J0)dπλEw)h . (11.11)
Now let w = (u, e) be a contact instanton in terms of the decomposition as
above.
Lemma 11.2. Let e be an arbitrary section over a smooth map u : Σ→ Q. Then
Iw;u (((J − J0)dπλEw)v) = L1(u, e)(e, (dπu,∇due)) (11.12)
dπE
(
((J − J0)dπλEw)h
)
= L2(u, e)(e, (d
πu,∇due)) (11.13)
where L1(u, e) is a (u, e)-dependent bilinear map with values in Ω
0(u∗E) and L2(u, e)
is a bilinear map with values in Ω0(u∗TQ). They also satisfy
|Li(u, e)| = O(1). (11.14)
An immediate corollary of this lemma is
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Corollary 11.3.
|Iw;u (((J − J0)dπλEw)v) | ≤ O(1)|e|(|dπu|+ |∇e|)
|∇ (Iw;u (((J − J0)dπλEw)v))| ≤ O(1)((|du| + |∇e|)2|e|
+|∇e|(|du|+ |∇e|) + |e||∇2e|).
Next, we give the following lemmas whose proofs are straightforward from the
definition of XΩg .
Lemma 11.4. Suppose dC0(w(τ, ·), z(·)) ≤ ιg. Then
XΩg (u, e) = D
vXΩg (u, 0)e+M1(u, e)(e, e)
dπE(Ydg) = M2(u, e)(e)
Ω(e,∇Edue)XΩg (u, e) = N(u, e)(e,∇due, e)
where M1(u, e) is a smoothly (u, e)-dependent bi-linear map on Ω
0(u∗E) and M2 :
Ω0(u∗E)→ Ω0(u∗TQ) is a linear map, N(u, e) is a (u, e)-dependent tri-linear map
on Ω0(u∗E). They also satisfy
|Mi(u, e)| = O(1), |N(u, e)| = O(1).
Lemma 11.5.
(XdλEg )
h(u, e) = K(u, e) e
where K(u, e) is a (u, e)-dependent linear map from Ω0(u∗E) to Ω0(u∗TQ) satisfy-
ing
|M1(u, e)| = O(1), |N(u, e)| = O(1), |K(u, e)| = o(1).
11.2. L2-exponential decay of the normal bundle component e. Combining
Lemma 11.2, 11.4 and 11.5, we can write (11.8) as
∇′′due−
(
u∗θDXΩg (u)(e)
)(0,1)
= K(e,∇due, dπu). (11.15)
By evaluating (11.15) against ∂∂τ , we derive
∇τe+JE(u)∇te−θ
(
∂u
∂τ
)
DXΩg (u)(e)−JEθ
(
∂u
∂t
)
DXΩg (u)(e) = K
(
e,∇τe, πθ ∂u
∂τ
)
(11.16)
First notice that
Lemma 11.6. ∣∣∣∣K (e,∇τe, ∂u∂τ
)∣∣∣∣
L∞
= o(|e|)
Proof. We consider (11.16) as an equation for e. Clearly this is a quasilinear elliptic
equation of e when u is fixed. We also recall K(e,∇due, du) has the form
L1(u, e)
(
e,
(
∇τe, ∂u
∂τ
))
where L1(u, e) is a bilinear map with |L1(u, e)| = O(1) by (11.12) which satisfies
the inequality ∣∣∣∣L1(u, e)(e,(∇τe, ∂u∂τ
))∣∣∣∣ ≤ O(1)|e|(|dπu|+ |∇τe|)
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(See Corollary 11.3.) Now the lemma immediately follows from the convergence
|π ∂u∂τ |, |∇τe| → 0 established in Corollary 9.6. 
Denote by B(τ) a τ -family of operators
B(τ) :W 1,2(u(τ, ·)∗E)→ L2(u(τ, ·)∗E)
defined by
B(τ)e := JE(u)∇te− θ
(
∂u
∂τ
)
DXΩg (u)(e)− JEθ
(
∂u
∂t
)
DXΩg (u)(e)
−K(e,∇τe, ∂u
∂τ
).
Then (11.16) for e with u fixed can be rewritten as
∇τe(τ) +B(τ)e(τ) = 0.
Once we know u(τ, ·) → z∞ as τ → ∞ for some Reeb orbit z∞, we can use the
exponential map from z∞ to u(τ, ·) for any sufficiently large τ and its associated
parallel transport to regard B(τ) as a τ -family of linear operators
W 1,2(z∗∞E)→ L2(z∗∞E)
along the limiting closed Reeb orbit z∞. (See Section 8 [OW2] for a detailed
discussion on this process.)
Lemma 11.7. Let τk be a sequence with τk → ∞, and also denote by τk a subse-
quence thereof appearing in Theorem 9.4. Under the above mentioned identification,
the operator B(τk) converges to the the linearized operator
B∞ = JE(z∞(t))(∇t − T DXΩg (u∞))
as k →∞.
Proof. Reorganize (11.16) into
∇ ∂u
∂τ
e + JE
(
∇ ∂u
∂t
e− λE(∂u
∂t
)XΩg (u, e)
)
− λE(∂u
∂τ
)XΩg (u, e)−K
(
e,∇τe, ∂u
∂τ
)
= 0.
We first note that ∇ ∂u
∂t
(τk,)
→ T ∇z˙∞ in the operator norm under the above men-
tioned identification. (See Proposition 8.2 [OW1] and its proof for the precise
explanation on this statement.) We now estimate the two terms in the second line.
For the first term, we have
|λE(∂u
∂τ
)XΩg (u, e)| ≤ |λE(
∂u
∂τ
)||XΩg (u, e)| = o(1)|e|,
where the last estimate follows from Corollary 9.6 and Lemma 11.3. For the second
term, Lemma 11.6 implies that is of order o(|e|). This now completes the proof. 
Note that so far this convergence can only be expected in the subsequence sense.
Fortunately this weak convergence is already enough to conduct our scheme of
three-interval argument, when combined with the uniform local a priori estimate
from [OW2].
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Next we briefly explain how the current situation fits into the general framework
set up in Section 10. We refer readers to Section 8 [OW2] for further details of this
verification.
We first consider two Banach spaces E1,τ ⊃ E2,τ defined by
E1,τ := L2(ι∗τu∗E), E2,τ :=W 1,2(ι∗τu∗E),
where the maps
ι∗τ : S
1 → [0,∞)× S1, t 7→ (τ, t)
are embeddings at τ ∈ [0,∞). This family defines the bundle Ei over [0,∞) whose
fiber at τ is given by E1,τ : Its local triviality can be again proved by the parallel
transport over a sufficient small interval (−ε+ τ, τ + ε) at each given τ ∈ [0,∞).
We denote the translation map σs(τ) = τ + s by σs : [a, b] → [0,∞) for each
s ∈ [a, b] for any given bounded interval [a, b] ⊂ [0,∞). Using the exponential
map over the limiting Reeb orbit z∞ and the associated parallel transport for all
sufficiently large k’s the sequence of Banach bundles
Ei;k := σ∗τkEi → [a, b]
have global trivializations
Φi;k : Ei;k → L2(z∗∞E)× [a, b].
The uniform convergence proved in Theorem 9.4 and Corollary 9.6 ensures the
uniformly local tameness of Ei and also the precompactness, uniformly local coer-
civeness of B. In particular, since
θ(
∂u
∂τ
)(τ, ·)→ Q = 0, θ(∂u
∂t
)(τ, ·)→ T τ →∞
uniformly over [a, b], we also conclude that the operator B∞ defined as
B∞ = JE(z∞(t))(∇t − T DXΩg (u∞)),
is the limit of B(τ) for τ ∈ [a, b] with respect to the subsequence {τk}, as shown
in Lemma 11.7. Moreover, we also notice that B∞ is invariant under the τ -
translations, and it shows that B is asymptotically cylindrical. Also, it follows
from the Morse-Bott condition and Corollary 6.2 that the operator B∞ is an un-
bounded self-adjoint operator with trivial kernel. The C1-bound of e from (11.1)
and (9.4) guarantees that the uniform bound of W 1,2(S1)-norm of e(τ).
The above discussion verifies that (11.16) can be fit into the general abstract
framework of Theorem 10.11 applied to ζ = e. Therefore we immediately obtain
the following L2-exponential estimate.
Proposition 11.8. There exists a sufficiently large τ0 > 0 and constants C0, δ0
such that
‖e(τ)‖L2(S1) < C0e−δ0τ
for all τ ≥ τ0.
11.3. L2-exponential decay of the tangential component du I. We sum-
marize previous geometric calculations, especially the equation (11.11), into the
following basic equation which we will study using the three-interval argument in
this section.
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Lemma 11.9. We can write the equation (11.11) into the form
πθ
∂u
∂τ
+ J(u)πθ
∂u
∂t
= L(τ, t), (11.17)
so that ‖L(τ, ·)‖L2(S1) ≤ Ce−δτ .
Proof. We recall |du| ≤ C which follows from Corollary 9.6. Furthermore since
XdλEdg |Q ≡ 0, it follows ∣∣∣∣(u∗θ dπE((XdλEdg )h))(0,1)∣∣∣∣ ≤ C|e|.
Furthermore by the adaptedness of J and by the definition of the associated J0, we
also have (J − J0)|Q ≡ 0 and so∣∣∣(dπE((J − J0)dπλEw)h∣∣∣ ≤ C|e|.
It is manifest that the second term above also carries similar estimate. Combin-
ing them, we have established that the right hand side is bounded by C|e| from
above. Then the required exponential inequality follows from that of e established
in Proposition 11.8. 
In the rest of this section and Section 11.4, we give the proof of the following
Proposition 11.10. There exists some constant C0 > 0 and δ0 > 0 such that∥∥∥∥πθ ∂u∂τ
∥∥∥∥
L2
< C0 e
−δ0τ .
The proof basically follows the same three-interval argument as in the proof of
Theorem 10.11. However, since the current case is much more subtle, we would like
to highlight the following points before we start:
(1) Unlike the normal component e whose governing equation (11.16) is a (inho-
mogeneous) quasi-linear elliptic equation, (11.17) is only (inhomogeneous)
quasi-linear degenerate elliptic: the limiting operator B of its linearization
contains non-trivial kernel.
(2) Nonlinearity of the equation makes somewhat cumbersome to formulate
the abstract framework of three-interval argument as in Theorem 10.11
although we believe it is doable. Since this is not the main interest of
ours, we directly deal with (11.17) in the present paper postponing such an
abstract framework elsewhere in the future.
(3) For the normal component, we directly establish the exponential estimates
of the map e itself. On the other hand, for the tangential component,
partly due to the absence of direct linear structure of u and also due to the
presence of nontrivial kernel of the asymptotic operator, we prove the ex-
ponential decay of the derivative πθ
∂u
∂τ first and then prove the exponential
convergence to some Reeb orbit afterwards.
(4) To obtain the exponential decay of the derivative term, we need to exclude
the possibility of a kernel element for the limit obtained in the three-interval
argument. In Section 11.4 we use the techniques of the center of mass as
an intrinsic geometric coordinates system to exclude the possibility of the
vanishing of the limit. This idea appears in [MT] and [OZ] too.
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(5) Unlike [HWZ3] and [Bou], our proof directly obtains L2-exponential de-
cay instead of showing C0 convergence first and getting exponential decay
afterwards.
Starting from now until the end of Section 11.4, we give the proof of Proposition
11.10.
Divide [0,∞) into the union of unit intervals Ik = [k, k + 1] for k = 0, 1, · · · ,
and denote by Zk := [k, k + 1] × S1. In the context below, we also denote by Z l
the union of three-intervals Z lI := [k, k + 1] × S1, Z lII := [k + 1, k + 2] × S1 and
Z lIII := [k + 2, k + 3]× S1.
Consider xk := ‖πθ ∂u∂τ ‖2L2(Zk) as symbols in Lemma 10.1. As in the proof of
Theorem 10.11, we still use the three-interval inequality as the criterion and consider
two situations:
(1) If there exists some constant δ > 0 such that
‖πθ ∂u
∂τ
‖2L2(Zk) ≤ γ(2δ)(‖πθ
∂u
∂τ
‖2L2(Zk−1) + ‖πθ
∂u
∂τ
‖2L2(Zk+1)) (11.18)
holds for every k, then from Lemma 10.1, we are done with the proof;
(2) Otherwise, we collect all the three-intervals Z lk against (11.18), i.e.,
‖πθ ∂u
∂τ
‖2
L2(Z
lk
II )
> γ(2δ)(‖πθ ∂u
∂τ
‖2
L2(Z
lk
I )
+ ‖πθ ∂u
∂τ
‖2
L2(Z
lk
III )
). (11.19)
In the rest of the proof, we deal with this case.
First, if there exists some uniform constant C1 > 0 such that on each such
three-interval
‖πθ ∂u
∂τ
‖L∞([lk+0.5,lk+2.5]×S1) < C1e−δlk , (11.20)
then through the same estimates and analysis as for Theorem 10.11, we obtain the
exponential decay of ‖πθ ∂u∂τ ‖ with the presumed rate δ as claimed.
Remark 11.11. Here we look at the L∞-norm on smaller intervals [lk + 0.5, lk +
2.5]× S1 instead of the whole Z lk = [lk, lk + 3]× S1 is out of consideration for the
elliptic bootstrapping argument in Lemma 11.14. However, the change here doesn’t
change any argument, since smaller ones are already enough to cover the middle
intervals (see Figure 1).
Following the same scheme as for Theorem 10.11, we are going to deal with the
case when there is no uniform bound C1. Then there exists a sequence of constants
Ck → ∞ and a subsequence of such three-intervals {Z lk} (still use lk to denote
them) such that
‖πθ ∂u
∂τ
‖L∞([lk+0.5,lk+2.5]×S1) ≥ Cke−δlk . (11.21)
By Theorem 9.4 and the local uniform C1-estimate, we can take a subsequence,
still denoted by ζk, such that u(Z
lk) lives in a neighborhood of some closed Reeb
orbit z∞. Next, we translate the sequence uk := u|Zlk to u˜k : [0, 3]× S1 → Q by
defining u˜k(τ, t) = uk(τ + lk, t). As before, we also define L˜k(τ, t) = L(τ + lk, t).
From (11.22), we now have
πθ
∂u˜k
∂τ
+ J(u˜k)πθ
∂u˜k
∂t
= L˜k(τ, t). (11.22)
Recalling that Q carries a natural S1-action induced from the Reeb flow, we
equip Q with a S1-invariant metric and its associated Levi-Civita connection. In
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particular, the vector field Xλ restricted to Q is a Killing vector field of the metric
and satisfies ∇XλXλ = 0.
Now since the image of u˜k live in neighbourhood of a fixed Reeb orbit z in Q,
we can express
u˜k(τ, t) = exp
Z
zk(τ,t)
ζk(τ, t) (11.23)
for the normal exponential map expZ : NZ → Q of the locus Z of z, where
zk(τ, t) = πN (u˜k(τ, t)) is the normal projection of u˜k(τ, t) to Z and ζk(τ, t) ∈
Nzk(τ,t)Z = ζzk(τ,t) ∩ Tzk(τ,t)Q. Then
Lemma 11.12.
πθ
∂u˜k
∂τ
= πθ(d2 exp
Z)(∇πθτ ζk) (11.24)
πθ
∂u˜k
∂t
= πθ(d2 exp
Z)(∇πθt ζk).
Proof. To simplify notation, we omit k here. For each fixed (τ, t), we compute
D1 exp
Z(z(τ, t))(Xλ(z(τ, t)) =
d
ds
∣∣∣
s=0
expZα(s) Π
α(s)
z(τ,t)(Xλ(z(τ, t))
for a curve α : (−ε, ε) → Q satisfying α(0) = z(τ, t), α′(0) = Xλ(z(τ, t)). For
example, we can take α(s) = φsXλ(z(τ, t)).
On the other hand, we compare the initial conditions of the two geodesics a 7→
expZα(s) aΠ
α(s)
x (Xλ(x)) and a 7→ φsXλ(expZx a(Xλ(x)) with x = z(τ, t). Since φsXλ is
an isometry, we derive
φsXλ(exp
Z
x a(Xλ(x)) = exp
Z
x a(dφ
s
Xλ (Xλ(x))).
Furthermore we note that dφsXλ(Xλ(x)) = Xλ(x) at s = 0 and the field s 7→
dφsXλ(Xλ(x)) is parallel along the curve s 7→ φsXλ(x). Therefore by definition of
Π
α(s)
x (Xλ(z(τ, t)), we derive
Πα(s)x (Xλ(x)) = dφ
s
Xλ
(Xλ(x)).
Combining this discussion, we obtain
expZα(s)Π
α(s)
z(τ,t)(Xλ(z(τ, t))) = φ
s
Xλ(exp
Z
z(τ,t)(Xλ(z(τ, t)))
for all s ∈ (−ε, ε). Therefore we obtain
d
ds
∣∣∣
s=0
expZα(s)Π
α(s)
z(τ,t)(Xλ(z(τ, t))) = Xλ(exp
Z
z(τ,t)(Xλ(z(τ, t))).
This shows (D1 exp
Z)(Xλ) = Xλ(exp
Z
z(τ,t)(Xλ(z(τ, t))).
To see πθ(D1 exp
Z)( ∂z∂τ ) = 0, just note that
∂z
∂τ = k(τ, t)Xλ(z(τ, t)) for some func-
tion k, which is parallel toXλ and z(τ, t) ∈ Z. Using the definition ofD1 expZ(x)(v)
for v ∈ TxQ at x ∈ Q, we compute
(D1 exp
Z)(
∂z
∂τ
)(τ, t) = D1 exp
Z(z(τ, t))(k(τ, t)Xλ(z(τ, t))
= k(τ, t)D1 exp
Z(z(τ, t))(Xλ(z(τ, t)),
and hence the πθ projection vanishes.
At last write
πθ
∂u˜
∂τ
= πθ(d2 exp
Z)(∇πθτ ζ) + πθ(D1 expZ)(
∂z
∂τ
)
and we are done with the first identity claimed.
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The second one is proved exactly the same way. 
Further noting that πθ(d2 exp
Z
zk(τ,t)
) : ζzk(τ,t) → ζzk(τ,t) is invertible, using this
lemma and (11.22), we now have the equation of ζk
∇πθτ ζk + J(τ, t)∇πθt ζk = [πθ(d2 expZ)]−1L˜k. (11.25)
where we set [πθ(d2 exp)]
−1J(u˜k)[πθ(d2 exp
Z)] =: J(τ, t).
Next, we rescale this equation by the norm ‖ζk‖L∞([0,3]×S1):
Lemma 11.13. The norm ‖ζk‖L∞([0,3]×S1) is not zero.
Proof. Suppose to the contrary that ζk ≡ 0. This then implies u˜k(τ, t) ≡ zk(τ, t)
for all (τ, t) ∈ [0, 3]×S1. Therefore ∂u˜k∂τ is parallel to Xθ on [0, 3]×S1. In particular
πθ
∂u˜k
∂τ ≡ 0. This violates the inequality
‖πθ ∂u˜k
∂τ
‖L2([1,2]×S1) > γ(‖πθ ∂u˜k
∂τ
‖L2([0,1]×S1) + ‖πθ ∂u˜k
∂τ
‖L2([2,3]×S1)).
Therefore the lemma holds. 
Now the rescaled sequence ζk := ζk/‖ζk‖L∞([0,3]×S1) satisfies ‖ζk‖L∞([0,3]×S1) =
1, and
∇πθτ ζ¯k + J(τ, t)∇πθt ζ¯k =
[πθ(d2 exp
Z)]−1L˜k
‖ζk‖L∞([0,3]×S1) (11.26)
‖∇πθτ ζ¯k‖2L2([1,2]×S1) ≥ γ(2δ)(‖∇πθτ ζ¯k‖2L2([0,1]×S1) + ‖∇πθτ ζ¯k‖2L2([2,3]×S1)).
The next step is to focus on the right hand side of (11.26).
Lemma 11.14. The right hand side of (11.26) converges to zero as k →∞.
Proof. Since the left hand side of (11.25) is an elliptic (Cauchy-Riemann type)
operator, we have the elliptic estimates
‖∇πθτ ζk‖W l,2([0.5,2.5]×S1) ≤ C1(‖ζk‖L2([0,3]×S1) + ‖L˜k‖L2([0,3]×S1))
≤ C2(‖ζk‖L∞([0,3]×S1) + ‖L˜k‖L∞([0,3]×S1)).
The Sobolev’s embedding theorem further gives
‖∇πθτ ζk‖L∞([0.5,2.5]×S1) ≤ C(‖ζk‖L∞([0,3]×S1) + ‖L˜k‖L∞([0,3]×S1)).
Hence we have
‖L˜k‖L∞([0,3]×S1)
‖∇πθτ ζk‖L∞([0.5,2.5]×S1) ≥
‖L˜k‖L∞([0,3]×S1)
C(‖ζk‖L∞([0,3]×S1) + ‖L˜k‖L∞([0,3]×S1))
=
1
C(
‖ζk‖L∞([0,3]×S1)
‖L˜k‖L∞([0,3]×S1)
+ 1)
We use our standing assumption (11.21) with Ck → ∞ as k → ∞ and Lemma
11.12, the left hand side converges to zero as k →∞, so we get
‖L˜k‖L∞([0,3]×S1)
‖ζk‖L∞([0,3]×S1) → 0, as k→∞.
Thus the right hand side of (11.26) converges to zero. 
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Then with the same argument as in the proof of Theorem 10.11, after taking a
subsequence, we obtain a limiting section ζ∞ of z
∗
∞ζθ satisfying
∇τ ζ∞ +B∞ζ∞ = 0. (11.27)
‖∇τζ∞‖2L2([1,2]×S1) ≥ γ(2δ)(‖∇τζ∞‖2L2([0,1]×S1) + ‖∇τ ζ∞‖2L2([2,3]×S1)).
(11.28)
Here to make it compatible with the notation used in Theorem 10.11, we denote
by B∞ the limit operator of B := J(τ, t)∇πθt . When applied to horizontal part as
in the current case of study, the operator is nothing but the linearization of Reeb
orbit z∞ followed by action of J .
Write
ζ∞ =
∑
j=0,···k
aj(τ)ej +
∑
i≥k+1
ai(τ)ei,
where {ei} is the basis consisting of the eigenfunctions associated to the eigenvalue
λi for j ≥ k + 1 with
0 < λk+1 ≤ λk+2 ≤ · · · ≤ λi ≤ · · · → ∞.
and ej for j = 1, · · · k are eigen-functions of eigen-value zero. By plugging ζ∞ into
(10.15), we derive
a′j(τ) = 0, j = 1, · · · , k
a′i(τ) + λiai(τ) = 0, i = k + 1, · · ·
and it follows that
aj = cj , j = 1, · · · , k
ai(τ) = cie
−λiτ , i = k + 1, · · · .
By the same calculation in the proof of Theorem 10.11, it follows
‖∇πθτ ζ∞‖2L2([1,2]×S1) < γ(2δ)(‖∇πθτ ζ∞‖2L2([0,1]×S1) + ‖∇πθτ ζ∞‖2L2([2,3]×S1)).
As a conclusion of this section, it remains to show
Lemma 11.15.
∇πθτ ζ∞ 6= 0.
This lemma will then lead to contradiction and hence finish the proof of Propo-
sition 11.10. The proof of this non-vanishing is given in the next section via the
study of the center of mass.
11.4. L2-exponential decay of the tangential component du II: study of
center of mass. We equip the submanifold with an S1-invariant metric. Then its
associated Levi-Civita connection ∇ is also S1-invariant. Denote by exp : UoQ ⊂
TQ→ Q×Q the exponential map, and this defines a diffeomorphism between the
open neighborhood UoQ of the zero section oQ of TQ and some open neighborhood
U∆ of the diagonal ∆ ⊂ Q×Q. Denote its inverse by
E : U∆ → UoQ ; E(x, y) = exp−1x (y).
We refer readers to [K] for the detailed study of the various basic derivative esti-
mates of this map.
The following lemma is a variation of the well-known center of mass techniques
from Riemannian geometry with the contact structure being taken into considera-
tion (by introducing the reparameterization function h in the following statement).
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Lemma 11.16. Let (Q, θ = λ|Q) be the submanifold foliated by closed Reeb orbits
of period T . Then there exists some δ > 0 depending only on (Q, θ) such that for
any Ck+1 loop γ : S1 → M with dCk+1(γ,Reeb(Q, θ)) < δ, there exists a unique
point m(γ) ∈ Q, and a reparameterization map h : S1 → S1 which is Ck close to
idS1 , such that∫
S1
E(m, (φ
Th(t)
Xθ
)−1(γ(t))) dt = 0 (11.29)
E(m, (φ
Th(t)
Xθ
)−1(γ(t))) ∈ ξθ(m) for all t ∈ S1. (11.30)
Proof. Consider the functional
Υ : C∞(S1, S1)×Q× C∞(S1, Q)→ TQ×R
defined as
Υ(h,m, γ) :=
((
m,
∫
S1
E(m, (φ
Th(t)
Xθ
)−1(γ(t))dt)
)
, θ(E(m, (φ
Th(t)
Xθ
)−1(γ(t))))
)
,
where R denotes the trivial bundle over R×Q over Q.
If γ is a Reeb orbit with period T , then h = idS1 and m(γ) = γ(0) will solve the
equation
Υ(h,m, γ) = (oQ, oR).
From straightforward calculations
DhΥ
∣∣
(idS1 ,γ(0),γ)
(η)
=
((
m,
∫
S1
d2E
∣∣
(γ(0),γ(0))
(η(t)TXθ) dt
)
, θ(d2E
∣∣
(γ(0),γ(0))
(η(t)TXθ))
)
=
((
m, (T
∫
S1
η(t) dt) ·Xθ(γ(0))
)
, T η(t)
)
and
DmΥ
∣∣
(idS1 ,γ(0),γ)
(v) =
((
v,
∫
S1
D1E
∣∣
(γ(0),γ(0))
(v) dt
)
, θ(D1E
∣∣
(γ(0),γ(0))
(v))
)
=
((
v,
∫
S1
D1E
∣∣
(γ(0),γ(0))
(v) dt
)
, θ(D1E
∣∣
(γ(0),γ(0))
(v))
)
= ((v, v), θ(v)) ,
we claim that D(h,m)Υ is transversal to oTM × oR at the point (idS1 , γ(0), γ(t)),
where γ is a Reeb orbit of period T . To see this, notice that for any point in the
set
∆ := {(aXθ + µ, f) ∈ TQ× C∞(S1,R)
∣∣a = ∫
S1
f(t)dt},
one can always find its pre-image as follows: For any given (aXθ + µ, f) ∈ TQ ×
C∞(S1,R) with a =
∫
S1 f(t)dt, the pair
v = a ·Xθ + µ
η(t) =
1
T
(f(t)− a)
lives in the preimage. This proves surjectivity of the partial derivativeD(h,m)Υ
∣∣
(idS1 ,γ(0),γ)
.
Then applying the implicit function theorem, we have finished the proof. 
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Using the center of mass, we can derive the following proposition which will be
used to exclude the possibility of the vanishing of ∇πθτ ζ∞.
Proposition 11.17. Recall the rescaling sequence ζ˜kLk we take in the proof Propo-
sition 11.10 above, and assume for a subsequence,
ζ˜k
Lk
→ ζ∞
in L2. Then
∫
S1
(dφTtXθ )
−1(ζ∞(τ, t)) dt = 0 where (dφ
t
Xθ
)−1(ζ∞(τ, t)) ∈ Tz(0)Q.
Proof. By the construction of the center of mass applying to maps uk(τ, ·) : S1 → Q
for τ ∈ [0, 3], we have obtained∫
S1
E(mk(τ), (φ
Thk(τ,t)
Xθ
)−1uk(τ, t)) dt = 0.
If we write uk(τ, t) = expz∞(τ,t) ζk(τ, t) where z∞ is the limit of zk defined in (11.23),
it follows that ∫
S1
E(mk(τ), exp(φThk(τ,t)
Xθ
)−1z∞(τ,t)
d(φ
Thk(τ,t)
Xθ
)−1ζk(τ, t)) dt
=
∫
S1
E(mk(τ), (φ
Thk(τ,t)
Xθ
)−1 expz∞(τ,t) ζk(τ, t)) dt = 0 (11.31)
Recall the following lemma whose proof is direct and we skip.
Lemma 11.18. Let Πxy is the parallel transport along the short geodesic from y
to x. Then there exists some sufficiently small δ > 0 depending only on the given
metric on Q and a constant C = C(δ) > 0 such that C(δ)→ 1 as δ → 0 and
|E(x, expZy (·)) −Πxy | ≤ C d(x, y).
In particular |E(x, expZy (·))| ≤ |Πxy |+ C d(x, y).
Applying this lemma to (11.31), we obtain∣∣∣∣∫
S1
Π
(φ
Thk(τ,t)
Xθ
)−1z∞(τ,t)
mk(τ)
(dφ
Th(t)
Xθ
)−1ζk(τ, t) dt
∣∣∣∣
≤
∫
S1
C d(mk(τ), (φ
Thk(τ,t)
Xθ
)−1z∞(τ, t))
(
(dφ
Th(t)
Xθ
)−1ζk(τ, t)
)
dt.
We rescale ζk by using Lk and derive that∣∣∣∣∫
S1
Π
(φ
Thk(τ,t)
Xθ
)−1z∞(τ,t)
mk(τ)
(
dφ
Thk(τ,t)
Xθ
)−1 ζk(τ, t)
Lk
dt
∣∣∣∣
≤
∫
S1
C d(mk(τ), (φ
Thk(τ,t)
Xθ
)−1z∞(τ, t))
∣∣∣∣(dφThk(τ,t)Xθ )−1 ζk(τ, t)Lk
∣∣∣∣ dt.
Take k → ∞, and since that mk(τ) → z∞(0) and hk → idS1 uniformly, we get
d(mk(τ), (φ
Thk(τ,t)
Xθ
)−1z∞(τ, t)) → 0 uniformly over (τ, t) ∈ [0, 3] × S1 as k → ∞.
Therefore the right hand side of this inequality goes to 0. On the other hand by
the same reason, we obtain
Π
(φ
Thk(τ,t)
Xθ
)−1z∞(τ,t)
mk(τ)
(
dφ
Thk(τ,t)
Xθ
)−1 ζk(τ, t)
Lk
→ (dφTtXθ )−1ζ∞
uniformly and hence we obtain
∫
S1(dφ
Tt
Xθ
)−1ζ∞ dt = 0. 
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Using this proposition, we now prove ∇πθτ ζ∞ 6= 0, which is the last piece of
finishing the proof of Proposition 11.10.
Proof of Lemma 11.15. Suppose to the contrary, i.e., ∇πθτ ζ∞ = 0, then we would
have J(z∞(t))∇tζ∞ = 0 from (11.27) and the remark right after it.
Fix a basis {v1, · · · , v2k} of ξz(0) ⊂ Tz(0)Q and define ei(t) = dφtXθ (vi) for
i = 1, · · · , 2k. Since ∇πθt is nothing but the linearization of the Reeb orbit z∞,
the Morse-Bott condition implies kerB∞ = span{ei(t)}2ki=1. Then one can express
ζ∞(t) =
∑2k
i=1 ai(t)ei(t). Moreover since ei are parallel (with respect to the S
1-
invariant connection) by construction, it follows ai are constants, i = 1, · · · , 2k.
Then we can write ζ∞(t) = φ
t
Xθ
(v), where v =
∑2k
i=1 aivi, and further it follows
that
∫
S1
((dφtXθ )
−1(ζ∞(t)) dt = v. On the other hand, from Proposition 11.17, v = 0
and further ζ∞ ≡ 0, which contradicts with ‖ζ∞‖L∞([0,3]×S1) = 1.
Thus finally we conclude that ∇πθτ ζ∞ can not be zero. 
This now concludes the proof of Proposition 11.10.
11.5. L2-exponential decay of the Reeb component of dw. We again consider
the equation
∇′′due−
(
u∗DXΩg (u)(e)
)(0,1)
= K(e,∇due, du) (11.32)
as an equation for e. Clearly this is a quasi-linear elliptic equation of e when u is
fixed. Applying the uniform (local) elliptic estimates to (11.32), the L2-exponential
decays of e and convergence of ∂u∂τ to 0 then lead to the L
2-exponential decay of
∇due. Combining these, we have obtained L2-exponential estimates of the πdw.
Now we consider the original map w = (u, e) which satisfies (11.4)
∂
λ
Jw = 0, d(w
∗λ ◦ j) = 0
where λ = fλE . We recall that this system is an elliptic system and the corre-
sponding uniform local a priori estimates was established in [OW2]. Then by the
elliptic bootstrapping argument using the local uniform a priori estimates on the
cylindrical region, we obtain higher order W k,2-exponential decay of πdw for all
k ≥ 0 under the hypothesis, Hypothesis 9.7.
Next, in the rest of this subsection, we prove the exponential decay of the Reeb
component w∗λ. For this purpose, we define a complex-valued function
α(τ, t) =
(
w∗λ(
∂
∂t
)− T
)
+
√−1
(
w∗λ(
∂
∂τ
)
)
.
The following lemma is easy to prove.
Lemma 11.19. Let ζ = π ∂w∂τ on the cylindrical ends. Then
∗d(w∗λ) = |ζ|2.
Combining this lemma together with the equation d(w∗λ◦ j) = 0, we notice that
α satisfies the equations
∂α = ν, ν =
1
2
|ζ|2 +√−1 · 0, (11.33)
where ∂ = 12
(
∂
∂τ +
√−1 ∂∂t
)
the standard Cauchy-Riemann operator for the stan-
dard complex structure J0 =
√−1.
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Notice that from previous section we have already established theW 1,2-exponential
decay of ν = 12 |ζ|2. The exponential decay of α follows from the following lemma,
whose proof can be proved again by the three-interval method in a much easier way
and so omitted.
Lemma 11.20. Suppose the complex-valued functions α and ν defined on [0,∞)×
S1 satisfy
∂α = ν
‖ν‖L2(S1) + ‖∇ν‖L2(S1) ≤ Ce−δτ for some constants C, δ > 0
limτ→+∞ α = 0
then ‖α‖L2(S1) ≤ Ce−δτ for some constant C.
11.6. C0 exponential convergence. Now we prove C0-exponential convergence
of w(τ, ·) to some Reeb orbit as τ →∞ from the L2-exponential estimates presented
in previous sections.
Proposition 11.21. Under Hypothesis 9.1, for any contact instanton w with van-
ishing charge, there exists a unique Reeb orbit z(·) = γ(T ·) : S1 → M with period
T > 0, such that
‖d(w(τ, ·), z(·))‖C0(S1) → 0,
as τ → +∞, where d denotes the distance on M defined by the triad metric.
Proof. We start with the following lemma
Lemma 11.22. Let t ∈ S1 be given. Then for any given ǫ > 0, there exists
sufficiently large τ1 > 0 such that
d(w(τ, t), w(τ ′ , t)) < ǫ
for all τ, τ ′ ≥ τ1.
Proof. Suppose to the contrary that there exist some t0 ∈ S1 and some constant
ǫ > 0, sequences τk →∞, pk > 0 such that
d(w(τk+pk , t0), w(τk, t0)) ≥ ǫ. (11.34)
Then combining this with the continuity of w in t, there exists some l > 0 small
such that
d(w(τk+pk , t), w(τk, t)) ≥
ǫ
2
, |t− t0| ≤ l.
Therefore∫
S1
d(w(τk+pk , t), w(τk, t)) dt
=
∫
|t−t0|≤l
d(w(τk+pk , t), w(τk, t)) dt+
∫
|t−t0|>l
d(w(τk+pk , t), w(τk , t)) dt
≥
∫
|t−t0|≤l
d(w(τk+pk , t), w(τk, t)) dt ≥ ǫl.
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On the other hand, we compute∫
S1
d(w(τk+pk , t), w(τk, t)) dt
≤
∫
S1
∫ τk+pk
τk
∣∣∣∣∂w∂s (s, t)
∣∣∣∣ ds dt = ∫ τk+pk
τk
∫
S1
∣∣∣∣∂w∂s (s, t)
∣∣∣∣ dt ds
≤
∫ τk+pk
τk
(∫
S1
∣∣∣∣∂w∂s (s, t)
∣∣∣∣2 dt
) 1
2
ds
≤
∫ τk+pk
τk
Ce−δs ds =
C
δ
(1 − e−(τk+pk−τk))e−τk ≤ C
δ
e−τk .
When τk sufficiently large, this inequality gives rise to a contradiction to (11.34).
Hence the proof. 
Now using the subsequence convergence from Theorem 9.4, we can pick a sub-
sequence {τk} and a closed Reeb orbit (γ, T ) such that
w(τk, t)→ z(t) := γ(T t), k →∞
uniformly in t. Then the above lemma immediately implies w(τ, t) uniformly con-
verges to z(t) for any t ∈ S1.
It remains to show that this convergence is uniform in t. Suppose to the contrary
that there exist some ǫ > 0 and some sequence (τk, tk) such that
d(w(τk, tk), z(tk)) ≥ 2ǫ.
Since tk ∈ S1, we can further take a subsequence, still denoted by tk, such that
tk → t0 ∈ S1. We can take k so large that d(z(tk), z(t0)) ≤ 12ǫ. We also note
d(w(τ, tk), w(τ, t0)) ≤
∫ tk
t0
∣∣∣∣∂w∂t (τ, s)
∣∣∣∣ ds ≤ (tk − t0)‖dw‖C0 ,
by which we can make the distance less than 12ǫ by taking k sufficiently large.
Combing these, we derive
d(w(τk , t0), z(t0)) ≥ d(w(τk , tk), z(tk))− d(w(τk , tk), w(τk, t0))
−d(z(tk), z(t0))
≥ 2ǫ− 1
2
ǫ − 1
2
ǫ = ǫ
for all sufficiently large k’s. This gives rise to contradiction to the pointwise conver-
gence w(τk, tk)→ z(t0), which finishes the proof of uniform convergence for t ∈ S1
and hence completes the proof. 
Then the following C0-exponential convergence immediately follows.
Proposition 11.23. There exist some constants C > 0, δ > 0 and τ0 large such
that for any τ > τ0,
‖d (w(τ, ·), z(·)) ‖C0(S1) ≤ C e−δτ
Proof. For any τ < τ+, similarly as in the previous proof,
d(w(τ, t), w(τ+ , t)) ≤
∫ τ+
τ
∣∣∣∣∂w∂τ (s, t)
∣∣∣∣ ds ≤ Cδ e−δτ .
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Take τ+ → +∞ and using the C0 convergence of w part, i.e., Proposition 11.21,
we get
d(w(τ, t), z(t)) ≤ C
δ
e−δτ .
This proves the first inequality. 
11.7. C∞-exponential decay of dw − Xλ(w) dτ . We recall the coordinate ex-
pression of w = (u, e) under the identification of a tubular neighborhood of Q with
a neighborhood of the zero section of the normal bundle of Q. So far, we have
established the following:
• W 1,2-exponential decay of the normal component e,
• L2-exponential decay of the derivative du of the base component u,
• C0-exponential convergence of w(τ, ·) → z(·) as τ → ∞ for some closed
Reeb orbit z.
Now we are ready to complete the proof of C∞-exponential convergence w(τ, ·)→ z
by establishing the C∞-exponential decay of dw−Xλ(w) dt. The proof of the latter
decay is now in order which will be carried out by the bootstrapping arguments
applied to the system (11.4).
Combining the above three, we have obtained L2-exponential estimates of the
full derivative dw. As already used in Section 11.5, we consider the equation
∂
λ
Jw = 0, d(w
∗λ ◦ j) = 0
where λ = fλE , under Hypothesis 9.7. By the bootstrapping argument using the
local uniform a priori estimates on the cylindrical region (see [OW2] for the details),
we obtain higher order W k,2-exponential decays of the term
∂w
∂t
− T Xλ(z), ∂w
∂τ
for all k ≥ 0, where w(τ, ·) converges to z as τ → ∞ in C0 sense. This, combined
with the Sobolev’s embedding, then completes proof ofC∞-convergence of w(τ, ·)→
z as τ →∞.
12. Exponential decay: general Morse-Bott case
In this section, we consider the general case of the Morse-Bott submanifold. For
this one, it is enough to consider the normalized contact triad (F, fλF , J) where J
is adapted to the zero section Q.
Write w = (u, s) = (u, µ, e), where µ ∈ u∗JTN and e ∈ u∗E. By the calculations
in Section 7, and with similar calculation of Section 11, the e part can be dealt with
exactly the same as in the prequantization case, whose details are skipped here.
After the e-part is taken care of, for the (u, µ) part, we derive(
πθ
∂u
∂τ∇τµ
)
+ J
(
πθ
∂u
∂t∇tµ
)
= L,
where |L| ≤ Ce−δτ similarly as for the prequantization case.
Then we apply the three-interval argument whose details are similar to the pre-
quantization case and so are omitted. We only need to establish as in the prequan-
tization case for the limiting (ζ∞, µ∞) is not in kernel of B∞.
If (ζ∞, µ∞) is in the kernel of B∞, then by the Morse-Bott condition, we have
µ∞ = 0. With the same procedure for introducing the center of mass, we can use
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the same argument to prove that ζ∞ must vanish if it is contained in the kernel of
B∞. This will them prove the following proposition.
Proposition 12.1. For any k = 0, 1, · · · , there exists some constant Ck > 0 and
δk > 0 ∣∣∣∣∇k (π∂u∂τ
)∣∣∣∣ < Ck e−δkτ , ∣∣∇kµ∣∣ < Ck e−δkτ
for each k ≥ 0.
13. The case of asymptotically cylindrical symplectic manifolds
In this section, we explain how we can apply the three-interval method and our
tensorial scheme to non-compact symplectic manifolds with asymptotically cylindri-
cal ends. Here we use Bao’s precise definition [Ba] of the asymptotically cylindrical
ends but restricted to the case where the asymptotical manifold is a contact man-
ifold (V, ξ). In this section, we will denote a contact manifold by V , instead of M
which is what we used in the previous sections,to make comparison of our definition
with Bao’s transparent.
Let (V, ξ) be a closed contact manifold of dimension 2n + 1 and let J be an
almost complex structure on W = [0,∞)× V . We denote
R := J
∂
∂r
(13.1)
a smooth vector field on W , and let ξ ⊂ TW be a subbundle defined by
ξ(r,v) = JT(r,v)({r} × V ) ∩ T(r,v)({r} × V ). (13.2)
Then we have splitting
TW = R{ ∂
∂r
} ⊕ R{R} ⊕ ξ(r,v) (13.3)
and denote by i : R{ ∂∂r} ⊕ R{R} → R{ ∂∂r} ⊕ R{R} the almost complex structure
i
∂
∂r
= R, iR = − ∂
∂r
.
We denote by λ and σ the dual 1-forms of ∂∂r and R such that λ|ξ = 0 = σ|ξ. In
particular,
λ(R) = 1 = σ(
∂
∂r
), λ(
∂
∂r
) = 0 = σ(R).
We denote by Ts : [0,∞)×V → [−s,∞)×V the translation Ts(r, v) = (r+s, v) and
call a tensor on W is translational invariant if it is invariant under the translation.
The following definition is the special case of the one in [Ba] restricted to the
contact type asymptotical boundary.
Definition 13.1 (Asymptotically Cylindrical (W,ω, J) [Ba]). The almost complex
structure is called Cℓ-asymptotically cylindrical if there exists a 2-form ω on W
such that the pair (J, ω) satisfies the following:
(AC1) ∂∂r ⌋ω = 0 = R⌋ω,
(AC2) ω|ξ(v, J v) ≥ 0 and equality holds iff v = 0,
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(AC3) There exists a smooth translational invariant almost complex structure J∞
on R× V and constants Rℓ > 0 and Cℓ, δℓ > 0
‖(J − J∞)|[r,∞)×V ‖Cℓ ≤ Cℓe−δℓr
for all r ≥ Rℓ. Here the norm is computed in terms of the translational
invariant metric g∞ and a translational invariant connection.
(AC4) There exists a smooth translational invariant closed 2-form ω∞ on R × V
such that
‖(ω − ω∞)|[r,∞)×V ‖Cℓ ≤ Cℓe−δℓr
for all r ≥ Rℓ.
(AC5) (J∞, ω∞) satisfies (AC1) and (AC2).
(AC6) R∞⌋dλ∞ = 0, where R∞ := lims→∞ T ∗sR, λ∞ := lims→∞ T ∗s λ where both
limit exist on R× V by (AC3).
(AC7) R∞(r, v) = J∞
(
∂
∂r
) ∈ T(r,v)({r} × V ).
For the purpose of current paper, we will restrict ourselves to the case when λ∞
is a contact form of a contact manifold (V, ξ) and R the translational invariant
vector field induced by the Reeb vector field on V associated to the contact form
λ∞ of (V, ξ). More precisely, we have
R(r, v) = (0, Xλ∞(v))
with respect to the canonical splitting T(r,v)W = R ⊕ TvV . Furthermore we also
assume that (V, λ∞, J∞) is a contact triad.
Now suppose that Q ⊂ V is a Morse-Bott submanifold of closed Reeb orbits
of λ∞ and that u˜ : [0,∞) × S1 → W is a J˜-holomorphic curve for which the
Subsequence Theorem given in section 3.2 [Ba] holds. We also assume that J∞ is
adapted to Q in the sense of Definition 8.2. Let τk → ∞ be a sequence such that
a(τk, t)→∞ and w(τk, t)→ z uniformly as k →∞ where z is a closed Reeb orbit
whose image is contained in Q. By the local uniform elliptic estimates, we may
assume that the same uniform convergence holds on the intervals
[τk, τk + 3]× S1
as k→∞. On these intervals, we can write the equation ∂J˜ u˜ = 0 as
∂J∞ u˜
(
∂
∂τ
)
= (J˜ − J∞)∂u˜
∂t
.
We can write the endomorphism (J˜ − J∞)(r,Θ) =: M(r,Θ) where (r,Θ) ∈ R× V
so that
|∇kM(r,Θ)| ≤ Cke−δr (13.4)
for all r ≥ R0. Therefore u = (a, w) with a = r ◦ u˜, w = Θ ◦ u˜ satisfies
∂J∞ u˜
(
∂
∂τ
)
=M(a, w)
(
∂u˜
∂t
)
Decomposing ∂J∞ u˜ and
∂u˜
∂t with respect to the decomposition
TW = R⊕ TV = R · ∂
∂r
⊕ R ·Xλ∞ ⊕ ξ
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we have derived
∂
πξ
w
(
∂
∂τ
)
= πξ
(
M(a, w)
(
∂u˜
∂t
))
(13.5)
(dw∗ ◦ j − da)
(
∂
∂τ
)
= πC
(
M(a, w)
(
∂u˜
∂t
))
(13.6)
where πξ is the projection to ξ with respect to the contact form λ∞ and πC is the
projection to R · ∂∂r ⊕ R ·Xλ∞ with respect to the cylindrical (W,ω∞, J∞). Then
we obtain from (13.4)
|∂πξw| ≤ Ce−δa
as a→∞. By the subsequence convergence theorem assumption and local a priori
estimates on u˜, we have immediately obtained the following
|∇′′τe(τ, t)| ≤ C eδ1τ , |∇′′τ ξF(τ, t)| ≤ C eδ1τ , |∇′′τ ξG(τ, t)| ≤ C eδ1τ
where w = expZ(ξG+ ξF + e) is the decomposition similarly as before. Now we can
apply exactly the same proof as the one given in the previous section to establish
the exponential decay property of dw.
For the component a, we can use (13.6) and the argument used in [OW2] and
obtain the necessary exponential property as before.
Appendix A. Proof of Proposition 8.3
In this appendix, we prove contractibility of the set of Q-adapted CR-almost
complex structures postponed from the proof of Proposition 8.3.
We first notice that for any dλ-compatible CR-almost complex structure J ,
(TQ ∩ JTQ) ∩ TF = {0}: This is because for any v ∈ (TQ ∩ JTQ) ∩ TF ,
|v|2 = dλ(v, Jv) = 0,
since Jv ∈ TQ and v ∈ TF = kerωQ. Therefore (TQ ∩ JTQ) and TF are linearly
independent.
We now give the following lemma.
Lemma A.1. J satisfies the condition JTQ ⊂ TQ+JTN if and only if it satisfies
TQ = (TQ ∩ JTQ)⊕ TF .
Proof. It is obvious to see that TQ = (TQ∩ JTQ)⊕TF indicates J is Q-adapted.
It remains to prove the other direction. For this, we only need to prove that
TQ ⊂ (TQ ∩ JTQ) + TF by the discussion right in front of the statement of the
lemma.
Let v ∈ TQ. By the definition of the adapted condition, Jv ∈ TQ + JTN .
Therefore we can write
Jv = w + Ju,
for some w ∈ TQ and u ∈ TN . Then it follows that v = −Jw + u, Noting that
Jw ∈ TQ ∩ JTQ, we derive v ∈ (TQ ∩ JTQ) + TF and so we have finished the
proof. 
This lemma shows that any Q-adapted J naturally defines a splitting
TF ⊕GJ = TQ, GJ := TQ ∩ JTQ. (A.1)
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We also note that such J preserves the subbundle TQ+JTF ⊂ TM and so defines
an invariant splitting
TM = TQ⊕ JTF ⊕ EJ ; EJ = (TQ⊕ JTF)⊥gJ . (A.2)
Conversely, for a given splittings (A.1), (A.2), we can always choose Q-adapted J
so that TQ ∩ JTQ = G but the choice of such J is not unique.
It is easy to see that the set of such splittings forms a contractible manifold (see
Lemma 4.1 [OP] for a proof). We also note that the 2-form dλ induces nonde-
generate (fiberwise) bilinear 2-forms on G and E which we denote by ωG and ωE.
Now we denote by JG,E(λ;Q) the subset of J (λ;Q) consisting of J ∈ J (λ;Q) that
satisfy (A.1), (A.2). Then J (λ;Q) forms a fibration
J (λ;Q) =
⋃
G,E
JG,E(λ;Q).
Therefore it is enough to prove that JG,E(λ;Q) is contractible for each fixed G, E.
We denote each J : TM → TM as a block 4× 4 matrix in terms of the splitting
TM = TF ⊕G⊕ JTF ⊕ E.
Then one can easily check that the Q-adaptedness of J implies J must have the
form 
0 0 Id 0
0 JG 0 0
−Id 0 0 0
0 B 0 JE

where JG : G → G is ωG-compatible and JE : E → E is ωE-compatible, and B
satisfies the relation BJG = 0 which in turn implies B = 0. Since each set of such
JG’s or of such JE ’s is contractible, it follows that JG,E(λ;Q) is contractible. This
finishes the proof of contractibility of J (λ;Q).
Appendix B. Proof of Theorem 9.4
In this appendix, we provide the proof of Theorem 9.4 borrowing the exposition
from [OW2].
For a given contact instanton w : [0,∞) × S1 → M , we define maps ws :
[−s,∞) × S1 → M by ws(τ, t) = w(τ + s, t). For any compact set K ⊂ R, there
exists sufficiently large s0 such that for every s ≥ s0, K ⊂ [−s,∞). For such s ≥ s0,
we also get an [s0,∞)-family of maps by defining wKs := ws|K×S1 : K × S1 →M .
The asymptotic behavior of w at infinity can be understood by studying the
limit of the sequence of maps {wKs : K × S1 → M}s∈[s0,∞), for any compact set
K ⊂ R.
First of all, it is easy to check that under Hypothesis 9.1, the family {wKs :
K × S1 →M}s∈[s0,∞) satisfies the following
(1) ∂
π
wKs = 0, d((w
K
s )
∗λ ◦ j) = 0, for every s ∈ [s0,∞)
(2) lims→∞ ‖dπwKs ‖L2(K×S1) = 0
(3) ‖dwKs ‖C0(K×S1) ≤ ‖dw‖C0([0,∞)×S1) <∞.
From (1) and (3) together with the compactness of the target manifoldM (which
provides the uniform L2(K × S1) bound) and the coercive estimate for contact
instanton equation derived in [OW2, Theorem 5.7], we obtain
‖wKs ‖W 3,2(K×S1) ≤ CK;(3,2) <∞,
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for some constant CK;(3,2) independent of s. Then it follows from the compactness
of the embedding of W 3,2(K × S1) into C2(K × S1) that the set {wKs : K × S1 →
M}s∈[s0,∞) is sequentially compact. Therefore, for any sequence sk → ∞, there
exists a subsequence, still denoted by sk, that converges to a map w
K
∞ ∈ C2(K ×
S1,M) in C2(K × S1,M) as k →∞.
Combined with (2), we derive the convergence
dwKsk → dwK∞ and dwK∞ = (wK∞)∗λ⊗Xλ.
Finally by taking (1) into consideration, we also derive that both (wK∞)
∗λ and
(wK∞)
∗λ ◦ j are harmonic 1-forms.
Recall that these limiting maps wK∞ have common extension w∞ : R× S1 →M
by the nature of the diagonal argument which takes a sequence of compact sets K
in the way one including another and exhausting full R as k →∞. Then w∞ is C2
(actually C∞) and satisfies
‖dw∞‖C0(R×S1) ≤ ‖dw‖C0([0,∞)×S1) <∞
and dw∞ = (w∞)
∗λ ⊗ Xλ. We also note that both (w∞)∗λ and (w∞)∗λ ◦ j are
bounded harmonic one-forms on R× S1. Therefore they must be written into the
forms
(w∞)
∗λ = a dτ + b dt, (w∞)
∗λ ◦ j = b dτ − a dt,
where a, b are some constants. Now we show that such a and b are actually related
to T and Q as follows
Lemma B.1.
a = −Q, b = T .
Proof. Take an arbitrary point r ∈ K. Using the C2-convergence of some sequence
wsk |{r}×S1 to w∞|{r}×S1 , we derive
b =
∫
{r}×S1
(w∞|{r}×S1)∗λ =
∫
{r}×S1
lim
k→∞
(wsk |{r}×S1)∗λ
= lim
k→∞
∫
{r}×S1
(wsk |{r}×S1)∗λ
= lim
k→∞
∫
{r+sk}×S1
(w|{r+sk}×S1)∗λ.
On the other hand, recalling w∗dλ = 12 |dπw|2) and applying Stokes’ formula and
finiteness of the π-energy on [0,∞)× S1, the latter becomes
lim
k→∞
(T − 1
2
∫
[r+sk,∞)×S1
|dπw|2) = T − lim
k→∞
1
2
∫
[r+sk,∞)×S1
|dπw|2 = T
whjch proves a = T . On the other hand, using the closeness of w∗λ ◦ j and Stokes’
formula, we easily compute
−a =
∫
{r}×S1
(w∞|{r}×S1)∗λ ◦ j =
∫
{r}×S1
lim
k→∞
(wsk |{r}×S1)∗λ ◦ j
= lim
k→∞
∫
{r}×S1
(wsk |{r}×S1)∗λ ◦ j
= lim
k→∞
∫
{r+sk}×S1
(w|{r+sk}×S1)∗λ ◦ j = Q.
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Here in our derivation, we used Remark 9.3. This proves the lemma. 
By the connectedness of [0,∞) × S1, the image of w∞ is contained in a single
leaf of the Reeb foliation. If γ : R → M is a parametrization of the leaf so that it
satisfies γ˙ = Xλ(γ), then we can write w∞(τ, t) = γ(s(τ, t)), where s : R× S1 → R
and s = −Q τ + T t+ c0 since ds = −Q dτ + T dt, where c0 is some constant.
This implies that if T 6= 0 γ defines a closed Reeb orbit of period T . On the other
hand, If T = 0 but Q 6= 0, we can only conclude that γ is some Reeb trajectory
parameterized by τ ∈ R.
Remark B.2. Of course, if both T and Q vanish, w∞ is a constant map. In [Oh2],
it is shown that such a puncture is a removable singularity under the finiteness of
a suitably defined Hofer-type energy.
Appendix C. Sobolev’s inequality for the sections of E1 → R
In this section, we give the proof of (10.20) for the sections of the bundle E1 → R
whose fiber is a Hilbert space possibly with infinite dimension.
As in the main text, we assume E2 ⊂ E1 a pair of Hilbert bundles that satisfies
all the properties and is equipped with a compatible connection ∇. We denote by
Πτs the parallel transport from the fiber Es to Eτ .
Proposition C.1. Let I ⊂ R be a closed interval and ζ : I → E2 be a smooth
section. Then there exists C3 = C3(I) > 0 depending only on the length |I| of the
interval but independent of ζ such that
‖ζ(τ)‖L∞(I,E1) ≤ C3‖ζ‖W 1,2(I,E1).
Proof. Thanks to (10.18), there must be a point τ0 ∈ Ik such that
|ζ(τ0)|E1,τ ≤
1√|I| ‖ζ‖L2(I,E1) (C.1)
where |I| is the length of the interval I. Then for any τ ∈ I, we write
ζ(τ) −Πττ0ζ(τ0) =
∫ τ
τ0
Πτs∇sζ(s) ds
Therefore we obtain
|ζ(τ)|E1,τ ≤ |ζ(τ0)|E1,τ0 +
∫ τ
τ0
|∇sζ(s)|E1,s ds.
Applying the Ho¨lder’s inequality, we derive∫ τ
τ0
|∇sζ(s)|E1,τ ds ≤
√
|I|
√∫ τ
τ0
|∇sζ(s)|2E1,τ ds
≤
√
|I|
√∫
I
|∇sζ(s)|2E1,τ ds ≤
√
|I| ‖∇τζ‖L2(I,E1)
since τ0, τ ∈ I. Combining the two, we have obtained
|ζ(τ)|E1,τ ≤
1√|I| ‖ζ‖L2(I,E1) +√|I| ‖∇τζ‖L2(I,E1)
for all τ ∈ I. By setting C3 = 2max{
√|I|, 1√
|I|
}, we have finished the proof. 
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